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This paper applies two different analytical methods, i.e., the perturbation method and superposition method, to
calculate the magnetic flux density distribution and the magnetic force of the active magnetic bearing (AMB)
with the rotor eccentricity. These two methods are thoroughly analyzed, compared and validated by the finite
element model (FEM). The perturbation method is theoretically complex while the superposition method is
intuitive. The valid range of the superposition method is larger than the perturbation method. However, the
superposition method requires longer computation time. The main contribution of this paper is assessing the
effectiveness of two analytical methods for predicting the AMB performance with the rotor eccentricity and
giving a comprehensive guideline for engineers to choose the proper analytical method to design AMB.
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1. Introduction

Active magnetic bearing (AMB), compared with conv-
entional mechanical bearings, is promising in many critical
high-speed industrial applications such as flywheel systems,
turbo-machinery, and vacuum systems due to its outstand-
ing features, i.e., contactless operation, no lubrication
needed, no mechanical wear and ability to actively control
rotor dynamics [1]. The rotor of the AMB system usually
operates at the eccentric state, and it is necessary to
analyze the performance including the magnetic density
flux distribution and magnetic force under rotor eccentri-
city conditions to facilitate the design and control.

Comparing with the finite element model (FEM), the
analytical models (AMs), such as the sub-domain method,
require lower CPU resources while having acceptable
accuracy. Therefore, they are widely adopted by engineers.
As for the AMB, the rotor is always under the eccentri-
city condition when the load or speed changes. Hence,
performance evaluation is an important issue for designers.
AMs are regarded as an effective approach to deal with
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the eccentricity calculation since significant eccentricity
conditions should always be accounted for. Two AMs are
widely used to solve the eccentricity problems. The first
one is the perturbation method [2-4], which only considers
up to the first-order term by Taylor series expansion
within a small eccentricity range, and the other one deploys
the superposition method [5,6] in which the original
eccentric state is first divided into several concentric
states to consider then to be superposed.

However, the previous work only focuses on the respec-
tive analysis and application of two methods. The differ-
ence in the performance like effectiveness range and
efficiency of two methods has never been researched.
Besides, these methods are mainly applied in electrical
machine analysis [7, 8]. Hence, these two methods applied
in AMB analysis are thoroughly assessed and compared
in this paper, which provides a guideline for designing
AMB as well as electrical machines with the analytical
methods considering rotor eccentricity.

This paper is organized as follows: The analytical sub-
domain model of a heteropolar AMB is firstly established
under the condition of rotor concentricity in section 2.
Then section 3 presents two different methods to take
rotor eccentricity into account. The results are presented
and discussed in section 4. Finally, conclusions are drawn
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at the end of the paper.

2. Description of the Analytical Sub-domain
Model Without Eccentricity

The analytical solution is always based on the following
assumptions [8]: (1) the end effect is ignored, and the
vector potential A and current density J have only z-axis
components; (2) the magnetic flux density vector is
independent of z; (3) the stator and rotor cores are
infinitely permeable so that saturation is neglected as
well; (4) the axis of the rotor and stator are assumed
parallel; (5) the edges of the slots are along the radius.

The simplified structure of radial heteropolar AMB is
shown in Fig. 1, which is divided into two sub-regions:
air-gap (region I) and slots (region II). The primary
geometry parameters in Fig. 1 are: R; is the stator teeth
radius; Ry, the slot bottom radius; R,, the rotor yoke
radius; ¢ is the slot span angle; gy is the air-gap length.
The governing partial differential equations for slots and
air-gap without the eccentricity are expressed as:
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where 4] is the axial component of the zeroth-order
vector magnetic potential in the air-gap. A?lj is the axial
component of the zeroth-order vector magnetic potential
in the jth slot. Here the zeroth-order quantities are those
without rotor eccentricity.

The current density J; in the jth slot shown in Fig. 1 can
be expressed by [8]:
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Fig. 1. (Color online) Illustrative representation of a heteropo-
lar AMB.
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where 0, is the angle of the jth slot center. V' is the
maximum number of harmonics in slots. J;; and J;, are
respectively the current density of two windings in the
same slot.

By the variable separation method, the general solutions
of Egs. (1)-(2) can be obtained as:
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zeroth-order solutions. N is the maximum number of

harmonics considered in the air-gap, and

E, =nv/s (8)

The radial and tangential components of flux density
can be obtained from the vector potential distribution by:
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The boundary conditions in the case of the zeroth-order
equations are listed as follows:
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0, otherwise

where H denotes magnetic field intensity, Q is the number
of slots.
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Fig. 2. Coordinate frames of eccentricity of the heteropolar
AMB.

3. Description of Two Analytical Methods
to Consider Rotor Eccentricity

Figure 2 shows the rotor eccentricity and two different
coordinates that are attached to the stator and rotor,
respectively. The coordinate transformations of these two
reference frames can be derived as follows [2]:

r=p+ecos(yy — @) (14)

0=y +Zsin(y - ) (15)
r
Here, we define the eccentricity factor as follows:

ke:€/g0 (16)

3.1. The perturbation method

According to the perturbation approach, all the quantities
are represented by the zeroth-order and first-order equations
assuming a small eccentricity.

X(r,0,6)=X"(r,0)+&X'(r,0) (17)

where X represents quantities such as magnetic vector
potential, magnetic flux density and so on, X° and X' are
the zeroth-order and first-order components.

As the zeroth-order governing partial differential
equations without the eccentricity have been shown in
Egs. (1)-(2), the first-order governing partial differential
equations are expressed as:
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where 4] is the axial component of the first-order vector
magnetic potential in the air-gap. 4, is the axial compo-

(19)
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nent of the first-order vector magnetic potential in the jth
slot.

The general solutions of Egs. (18) and (19) can be
deducted as follows with the same method.
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where a,, b, ¢, di, e, fo, .o M, Gy, Dy, are
the coefficients of the first-order solutions.

Since eccentricity occurs in the first-order problem, the
boundary condition at the interface between the rotor
yoke and air-gap is changed. Using the Taylor expansion
and perturbation method, the boundary condition at the
interface between the rotor yoke and air-gap can be
obtained as [2]:

1 2 40
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The rest of the boundary conditions are listed as follows,
which is similar to the zeroth-order problem.

H' (,0)|,.,,=0.6, —gsesej +g (23)
I | ) o
B (n0)],. =B, (r0)] .0,-5<0<0,+5 (4
2 o o
H' r,0)|_, .0 ——<0<60 +—
H:ﬁ (’,’ 6) rr = ; 1.0 (}" ) r=R Y 2 I (25)
0, otherwise

Likewise, the magnetic flux density of the first order
can be obtained by taking the curl of the vector magnetic
potential. And the total magnetic flux density under
eccentricity can be calculated using Eq. (17). Afterward,
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the magnetic traction forces are computed according to
Maxwell’s stress tensor as follows:

Fv :Lj-zzr

0

{L(Bfr - Bfg )cos 0 —LBL,,B,,Q sin 9} r,do (26)
2p, Hy

F, = LJ-OZH {i(Bfr —Bfg)sina +ﬂiBLrBw cos 49} r,d6 (27)
0 0

where L is the axial length of the AMB, r, is the integral

radius for magnetic forces, which is chosen at the center

of the air-gap, and B, and B,y are obtained radial and

tangential components of the flux density at the center of

the air-gap.

3.2. The superposition method

As is shown in Fig. 3, with the superposition method,
the geometric center of the rotor is taken as the reference
center, and the original eccentric AMB rotor is first divided
into N; uniform sections along the air-gap circumferential
direction. According to Eq. (14), the equivalent rotor
radius of each section is determined by its center as [5]:

R,=R +gcos{i]—7z(i—lj—(p} (28)

Original eccentric model
|

Concentric models

R R, Ry

B, 5, F
T [\ T\ T [T\ 11
0 P_F\_f [ 0
N -
! Superposition

Fig. 3. (Color online) Schematic diagram of the superposition
method.
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Then, the equivalent rotor radius of each section is used
to build up a concentric model, and the air-gap flux density
of each section can be represented by the corresponding
concentric model, which can easily be accounted for by
the sub-domain method mentioned above. By super-
position, the air-gap flux density of the original eccentric
AMB can be synthesized from that of all sections as
follows:

B =B,0¢(6,

ri® si°

6,) (29)

B, =B,,0(0,.0,) (30)

ti> S0

where B, and B, are the radial and tangential air-gap flux
densities of the original eccentric model, respectively; B,
and B, are the radial and circumferential air-gap flux
densities of the ith concentric model; 6,; and 6,; are the
start and end mechanical angular position of ith section,
respectively.

Consequently, the magnetic force can be predicted by
the integral of Maxwell stress tensor based on the
synthesized air-gap flux density, and thus the equations
(26)-(27) need to be discretized into the following form:

Ny 6., )
F = L; L _2—/110 (Bf”. - B}, ) cos O — ,ULO B,,.B, , sin 9_ rdo
€2))
Sveta| 1o, 2 Y 1
F,= LZ1 LW T (BLH. -B, ) sin6+ " B,,.B,, cos@ |r,do
i= L 0 0 a
(32

Equations (31) and (32) mean that the magnetic force of
the original eccentric state is synthesized from the contri-
bution of each concentric state. The superposition method
would be more accurate but more time-consuming if the
section number (N;) of the rotor is larger. Therefore, the
influence of the section number should be investigated to
trade off accuracy against efficiency. This will be investi-
gated later.

4. Results and Discussions

A case study with the specifications listed in Table 1 is
considered to evaluate the efficacy of the proposed analy-
tical model for heteropolar AMB.

4.1. Calculation results without rotor eccentricity

Firstly, the air-gap magnetic flux density including radial
(B,) and tangential (B,) components without eccentricity
are obtained by the sub-domain method and compared
with the results calculated by the FEM shown in Fig. 4.
The comparisons of the waveforms and harmonics show
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Table 1. Specifications of a heteropolar AMB.

Symbol Quantity Values Units
R, the radius of the slot bottom 0.0379 m
R,  the radius of the slot teeth 0.0159 m
R,  theradius of the rotor yoke 0.0157 m
0  slotspan angle 0.2833 rad
L the axial length of the AMB 0.0314 m
QO  number of slots 8 -
N number of harmonics in the air-gap 500 -

V' number of harmonics in the slots 50 -
I the current of each winding 2 A
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Fig. 4. (Color online) Magnetic flux density in the air-gap
without rotor eccentricity obtained by the analytical method
and the FEM method. (a) waveforms (b) harmonics

that the analytical method agrees well with the FEM
method when there is no rotor eccentricity.

4.2. Analysis of the section number of superposition
method

The influence of the section number () on accuracy
and efficiency for the superposition method is investi-
gated.

Figure 5(a) shows the waveforms of the radial compo-
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Fig. 5. (Color online) Influence of section number of super-
position method (a) Waveforms of radial components of the
air-gap flux density for 0.5 eccentricity factor (b) Calculation
time and MSE of flux density in the air-gap for 0.5 eccentric-
ity factor.

nents of the air-gap flux density obtained by FEM and the
superposition method with different section numbers for
an eccentricity factor of 0.5. The waveforms with smaller
section numbers are obviously stepped, and the smooth-
ness of the waveforms is improved as the section number
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increases. Fig. 5(b) further shows the calculation time and
mean squared error (MSE) of the flux density in the air-
gap compared to the FEM results with different section
numbers for the eccentricity factor of 0.5. As the section
number increases, calculation time increases and the error
decreases. However, the accuracy remains unchanged when
the section number more than 60. Therefore, a proper
section number, i.e., 60 in this paper, can be selected
accordingly to achieve fast results with decent accuracy.

4.3. Comparison of results from two analytical meth-
ods and FEM

Figure 6 to Fig. 8 depict the magnetic flux density
distributions in the air-gap with the rotor eccentricity
factor of 0.25, 0.5 and 0.75 along the x-axis from the
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Fig. 6. (Color online) Result comparision with eccentricity
factor 0.25 along the x-axis. (a) Magnetic flux density in the
air-gap. (b) Magnetic traction force waveform versus different
rotor positions.
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Fig. 7. (Color online) Result comparision with eccentricity
factor 0.5 along the x-axis. (a) Magnetic flux density in the air-
gap. (b) Magnetic traction force waveform versus different
rotor positions.

original point, respectively. The magnetic force along the
x-axis under different eccentricity distances along the x-
axis is evaluated by two different analytical methods as
well as the FEM method with linear and nonlinear materials,
and the results are compared in Fig. 9(a). Fig. 9(b) shows
the errors of the results of two analytical methods com-
pared to nonlinear FEM results. As is explained from
these figures, the results calculated by two different
analytical methods both agree with the numerical method
when the eccentricity is small. The magnetic flux density
increases where the air-gap length is reduced due to the
reduction of the reluctance. However, the accuracy of the
perturbation method decreases with the increase of the
eccentricity. It is because the perturbation method only
considers up to the first-order term by omitting the high-
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Fig. 8. (Color online) Result comparision with eccentricity
factor 0.75 along the x-axis. (a) Magnetic flux density in the
air-gap. (b) Magnetic traction force waveform versus different
rotor positions.

order terms which would play a more important role
when the eccentricity gets too large. As the eccentricity
continues to increase, the results of the superposition
method deviate from those of the nonlinear FEM while
staying consistent with those of the linear FEM. It is
because saturation appears in the iron core when the air-
gap is too small, with which the analytical method cannot
inherently deal. Considering the maximum error of 20 %
compared to the nonlinear FEM method, the perturbation
method is valid only within the range of 0 to 0.4 eccen-
tricity factor, while the error of the superposition method
can remain under 20 % even when the eccentricity factor
is 0.75. Furthermore, the eccentricity factor of the practical
AMB rotor is generally under 0.5 due to the limit of
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Fig. 9. (Color online) Magnetic force along the x-axis with the
different eccentricity factors on x-axis (a) calculation results of
two analytical methods, linear FEM and nonlinear FEM (b)
errors of the results of two analytical methods compared to
nonlinear FEM results.

backup bearings; as a result, the larger eccentricity is not
considered here.

4.4. CPU Time

In terms of the computation time, the 2D nonlinear
FEM requires almost 32 seconds to obtain the magnetic
flux density and magnetic force without eccentricity when
the model has 23504 elements (i7-4800 MQ @ 2.70(GHz)
CPU, 32 (GB) RAM). If various eccentricity conditions
are considered, it will cost more time to obtain the results.
In addition, the preprocessing of FEM cost more resources
and time. The perturbation method requires only 2 seconds
to get the final results and the superposition method
requires 7 seconds with a section number of 60. Therefore,
the analytical models are much faster than FEM.

5. Conclusion

In this paper, we have presented two different analytical
methods to consider the rotor eccentricity of AMB. These
two AMs are widely used in AMB applications, but the
pros and cons are not investigated in the previous study.
The results show that the superposition method can deal
with a larger eccentricity range than the perturbation
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method, while the latter consumes less time. In other
words, this paper presented a guideline for AMB designers
to analyze the eccentricity condition.

The presented work is not limited to the AMB; the
study of section number of the superposition method also
has an instructiveness for machine designers to analyze
other types of electric machines, and it gives a clue of the
trade-off between accuracy and time.
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