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Concentric winding has been widely used in small capacity AC motors due to its excellent performance. In this

paper, a numerical calculation method based on the magnetic vector potential is proposed to calculate the stator

end leakage reactance of concentric winding. In this case, the basic unit of numerical calculation becomes the

coil group rather than the coil since concentric windings have different coil sizes. The calculated stator end

leakage reactance of a prototype three-phase permanent magnet machine with concentric winding is validated

using the finite element method. Compared to 3D electromagnetic field calculation, the proposed method does

not require a complex modeling process and is therefore highly efficient computationally, requiring only a

fraction of the calculation time.
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1. Introduction

The stator winding plays an important role in the

electrical and mechanical energy conversion. In order to

deal with issues such as harmonic weakening, cooling,

insulation and others, various winding configurations may

be adopted [1-3]. Compared to other forms of winding,

concentric winding not only limits higher harmonics but

also requires less wiring material. Therefore, the concentric

winding has been widely used in small capacity AC

motors due to the excellent performance it offers [4, 5].

No matter which winding configuration employed, the

calculation of the stator leakage reactance is the basis of

motor design. The accuracy of the parameter calculation

is very important for the performance analysis of steady

and transient operation of motors [6-10]. Generally, the

stator leakage reactance is composed of stator slot leakage

reactance, harmonic leakage reactance and end-winding

leakage reactance [11-13]. Many scholars have put con-

siderable effort in parameter calculation methods and

some very effective methods have been obtained. The

calculation methods of slot leakage reactance and harmonic

leakage reactance are quite mature, however, the calcu-

lation of end-winding leakage reactance is still under

discussion [14-17]. Most of researches focus on the

calculation of end-winding leakage reactance for nor-

mative lap winding while calculation methods of concentric

winding are scarce, due to the fact that concentric wind-

ing has a special winding arrangement and different coil

sizes [18, 19]. Although some empirical equations have

been obtained according to the simplified concentric

winding theory and many experiments, the complexity of

the end-winding connection cannot be fully expressed by

empirical equations. Moreover, the three-dimensional electro-

magnetic field can also be used to calculate the stator end

leakage reactance, but the model is too complex and

involves a high computational load [20, 21]. Therefore, it

is difficult to satisfy the requirement of machine design

using electromagnetic field calculation.

In this paper, a numerical calculation method based on

the magnetic vector potential is proposed to calculate the

stator end leakage reactance of concentric winding. The

proposed method is fit for different forms of concentric

winding and thus is more widely applicable, flexible and

efficient. Taking a three-phase permanent magnet machine

with concentric winding as an example, the calculation

result is validated using a three-dimensional electromag-

netic field by finite element method.
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2. Concentric Wingding Configuration

The prototype permanent magnet machine adopts single-

layer concentric winding. The design parameters of the

concentric winding are listed in Table 1. In order to show

the winding connection more clearly, the two-pole coil

distribution for phases A, B, and C are shown in Fig. 1,

where the positive current directions in the coil and each

phase winding are also shown.

As shown in Fig. 1, each phase winding consists of

three coils with different sizes. Take phase A as an ex-

ample. The smallest pitch of coil sides located in No. 3

and 10 slots is 7. The larger one of coil sides located in

No. 2 and 11 slots is 9. The largest pitch of coil sides

located in No. 1 and 12 slots is 11. According to the

difference of the pitches, the concentric coils can be

classified into different types. Thus there are three coil

types for the concentric winding of phases A, B, and C in

Fig. 1. The pitches equal to 7, 9, and 11 are named type I,

type II, and type III coil, respectively and have the same

symmetrical axis. Thus, these coil types can be concate-

nated into a coil group. Although different type coils may

be used for each phase concentric winding, the structure

of the coil groups is the same. Therefore, in this paper, the

basic unit used for the numerical calculations of con-

centric winding is the coil group rather than the coil.

3. Calculation of Stator End 
Leakage Reactance

3.1. Division of End-Winding

The pairwise mutual inductance between coil groups

must be calculated. Fig. 2 shows the 3-D coordinate

system for the end-winding. For simplicity, only the type

III coil of coil group 1 and type I coil of the coil group 2

are drawn. The axis of the machine’s end surface is

regarded as the coordinate origin, the outward direction of

the machine shaft is regarded as x-axis positive direction,

the direction from origin to the center line of the two coil

sides is regarded as the z-axis positive direction, and the

YZ plane overlaps the machine end surface, respectively.

First, the end of all the three types coils in coil group 1

should be divided respectively. We consider the type III

coil in coil group 1 as an example, since the divisions of

different types coils are the same. To consider the

influence of the machine-end magnetic field from air-gap

to stator and rotor iron core, the air-gap currents and their

image currents are introduced. The original currents in the

end-winding are highlighted in red line segments AB, BC

and CD. The image currents of original current are shown

Fig. 1. (Color online) Two-pole concentric winding coil dis-

tribution.

Table 1. Parameters of the prototype concentric winding.

Value

Number of stator slots 36

Number of poles 4

Pole pitch 9

Number of slots per pole per phase 3

Number of conductors per slot 3

Number of parallel-circuits per phase 1

Fig. 2. (Color online) End-winding with coordinate systems.
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by the green line segments A'B', B'C' and C'D'. The air-

gap currents and their image currents are highlighted in

the internal SR and S'R' and external RS and R'S' blue line

segments. The image currents in slots are shown using the

yellow line segments A"B" and C"D". The number of the

whole line segments of the type III coil are 12 and thus

the total number of segments of coil group 1 is 36 obtain-

ed by summing all three coil types. Each line segment k

(k = 1, 2,…, 36) can be further divided into Mk sections.

Therefore, the first and end point three-dimensional

coordinates (x1km, y1km, z1km) and (x1k(m+1), y1k(m+1), z1k(m+1))

of line segment k section m in coil group 1 are known.

The corresponding vector is

 (1)

where x, y, and z are the unit vectors in the x, y, and z

directions, respectively.

Then, coil group 2 is selected as the closed integral

path, and we consider the type I as an example. The

integral path of the type I coil is shown by the black line

segments ab, bc, cd, and da. The number of the line

segments of the type I coil are 4 and thus the total number

of segments in coil group 2 is 12, if we take into account

all three types coils. Each line segment g (g = 1, …, 12)

can be sequentially divided into Ng subsections. Similarly,

the first and end point three-dimensional coordinates (x2gn,

y2gn, z2kn) and (x2g(n+1), y2g(n+1), z2g(n+1)) of line segment g

section n in coil group 2 are known, and the correspond-

ing vector can be written as

 (2)

Third, the magnetic vector potential should be calcu-

lated. The distance r2gn1km between the middle points of

line segment k section m in coil group 1 and line segment

g section n in coil group 2 can be determined after the

corresponding vectors are known, and is distance between

the two vectors. It is worth noting that the integral path in

coil group 2 should be selected along the inner side of the

coil to avoid the value of r2gn1km becoming to zero. Thus

the minimum value of r2gn1km is the radius of the coil.

Therefore, the magnetic vector potential in middle point

of segment g section n in coil group 2 produced by the

current in line segment k section m in coil group 1 is

 (3)

The value of current I1k in (3) is different for each line

segment k. Assuming the current in each turn coil is I1
and the number of turns is WIII, the current in the whole

section in a type III coil is

 (4)

where Z1 is the number of stator slots, yIII is the pitch of

the type III coil, yIII should be changed to yI and yII for

the type I and type II coil, while WIII should be replaced

with WI and WII for the type I and type II coils, respec-

tively.

3.2. End Leakage Inductance between Two Coil Groups

As mentioned above in section II and shown in Fig. 1,

there are three same coil groups under a pair of poles.

Thus there are six same coil groups in all for prototype

concentric winding with four poles listed in Table 1.

Consequently, there are 36 end leakage inductances mji

between coil group i (i = 1, 2,…, 6) and coil group j ( j =

1, 2,…, 6), many of which have the same value. For

example, m11 = m22 = m33 = m44 = m55 = m66, m12 = m21 =

m23 = m32 = m34 = m43 = m45 = m54 = m56 = m65 = m61 =

m16, etc. Actually, only m11, m12, m13, and m14 need to be

calculated here. We consider the calculation process of

m21 for instance.

The magnetic vector potential in the middle point of

line segment g section n in coil group 2 produced by the

currents in all sections in coil group 1 is

(5)

Based on magnetic vector theory, the circulation of

magnetic vector potential along any closed path is equal

to magnetic flux through any surface bounded by this

path. Thus, the magnetic linkage of coil group 2 produced

by currents in coil group 1 is

 (6)

where W2g is equal to WI, WII and WIII when the value of g

is 1-4, 5-8, and 9-12 respectively.

The end leakage inductance m21 between coil group 1

and coil group 2 is

 (7)
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The actual end leakage inductance between two coil

groups is twice the value of (7), as each coil group has

two ends.

3.3. Each Phase End Leakage Reactance

To calculate the end leakage reactance between two

phases for concentric winding, an incidence matrix B as-

sociating the phase winding with each coil group is intro-

duced.

According to the incidence matrix of the loop and branch

circuit in the circuit network theory, each coil group is

regarded as a branch circuit and each phase winding as a

loop circuit. The elements in B are 1, −1 or 0 correspond-

ing to currents in the same or opposite directions or those

without any association between each loop and branch

circuit, respectively. For a single layer concentric winding

3-phase permanent magnet machine with two pairs of

poles, the incidence matrix B is of order 3×6.

According to the positive directions of currents shown

in Fig. 1, the incidence matrix B is

 (8)

We need to point out that elements equal to −1 do not

exist in B for this single layer concentric winding,

however elements equal to 1, −1 or 0 exist in double layer

concentric winding configurations.

Assuming the number of parallel-circuits per phase is a,

the end leakage inductance between two phases for

concentric winding is

 (9)

where bμi and bνj are respectively the elements of row m

column i and row n column j in B, where m and n are

equal to 1, 2, and 3 and correspond to phase A, B, and C

respectively. Similarly, M23 is the mutual inductance

between phase B and C.

The 3×3 order end leakage inductance matrix can be

calculated from (9). Therefore, each phase end leakage

reactance by summing the effect of all the three phase

(converted to phase A) is

 (10)

Depending on the actual size of the end-winding, the

section number of original currents and integral path of

straight line segments along x-axis are set to n, the section

number of arc line segments are 4n, the section number of

internal air-gap current and its image current are 4n, and

the section number of external air-gap current and its

image current are 12n. The relationship between the section

number n and the calculated phase end leakage reactance

Xse is shown in Fig. 3.

As shown in Fig. 3, the calculated results tend to be

stable with the increase of the section number. When the

section number is larger than 30, the result tends to

stabilize. The end leakage reactance of the prototype

permanent magnet machine with concentric winding is

0.0324 Ω when the section number n is 40.

4. Finite Element Method Validation

To verify the above analysis, the 3-D electromagnetic

field calculation by finite element method (FEM) is

adopted. Fig. 4 shows the stator end-winding FEM model.
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Fig. 3. Relationship between end-winding leakage reactance

and section number.

1-Stator iron core; 2-Concentric winding; 3-air-gap;4-Rotor

iron core; I-Calculation region of end-winding; II- Calculation

region of end stator and rotor iron core.

Fig. 4. (Color online) Stator end-winding FEM model and cal-

culation region.
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Here, we assume that the three-phase currents in the

concentric winding are 

 (11)

where Im is the amplitude of rated current.

For the symmetrical three-phase concentric winding,

the relationships between end self-leakage inductance and

end mutual leakage inductance are

 (12)

where LAA, LBB and LCC are the end self-leakage induc-

tances, and MAB, MBC and MAC are the end mutual leakage

inductances.

Thus the total energy of the end magnetic field is

 (13)

where Lse is the end leakage inductance of the concentric

winding.

Then, the stator end leakage reactance can be indirectly

calculated using the end-winding magnetic field energy.

 (14)

The calculation result of the end-winding magnetic field

distribution and energy density are shown in Fig. 5 and

Fig. 6 respectively. 

Judging from the results in Fig. 5 and Fig. 6, the mag-

netic field energy is mainly distributed in the end-winding

and air-gap. The stator end leakage reactance can be

obtained by substituting the calculated magnetic field

energy into (14). Table 2 shows the results between the

proposed method and FEM.

As shown in Table 2, the FEM calculated result of a

permanent magnet machine with single-layer concentric

winding verifies the validity of the proposed method. It is

well known that 3-D electromagnetic field calculation is

time-consuming. The FEM calculation time for the case

presented in this paper took more than 5 hours using a

Dell Tower 7910 work station. However, the proposed

methods’ computational time only takes a few minutes.

Therefore, the numerical calculation method proposed in

this paper is feasible and practical with high calculation

accuracy and efficiency.

5. Conclusion

A numerical calculation method based on the magnetic

vector potential is proposed to calculate the stator end

leakage reactance of concentric windings. In this method,

the coil group becomes the basic calculation unit since the

concentric windings have different coil sizes. In addition,

an incidence matrix B is introduced to calculate the end

leakage reactance between two phases.

The proposed method is not only suitable for concentric
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Fig. 5. (Color online) Calculation result of the end magnetic

field distribution.

Fig. 6. (Color online) Calculation result of the end magnetic

field energy density.

Table 2. Result Comparisons between Two Different Methods.

Proposed method FEM Error

Stator end

leakage reactance
0.0324Ω 0.0345Ω −6.09%
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windings but also for lap windings. The basic calculation

unit for lap winding is still the coil, as lap windings have

the same coils. In this case, the corresponding incidence

matrix B is associated the phase winding with each coil,

but the calculation process for the lap winding is simpler.

Finally, through a comparison between the proposed

numerical calculation and a 3-D electromagnetic field

calculation, the proposed numerical calculation not only

have high accuracy but also is very efficient computa-

tionally. Consequently, the proposed method is suitable

for machine design.
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