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We present an analytical method for applying conformal mapping to the notched geometry of a surface perma-
nent magnet synchronous motor to calculate the cogging torque. First, the complex relative air-gap permeance
(CRAP) of the notched air-gap is calculated by multiplying the CRAP of a slotted air-gap with the notch sensi-
tivity coefficient, which is defined by the relation of slot and notch shapes. Secondly, the no-load air-gap flux
density (AFD) is derived from the CRAPs of the notched and slotted air-gaps. Finally, the cogging torque of the
notched motor is calculated by the no-load AFD and is verified using the 2D finite element analysis (FEA)
result. A 4-pole and 12-slot surface permanent magnet synchronous motor with the notch is used herein.
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1. Introduction

Accurate field distribution analysis is imperative for
electric machines. Generally, the analytical method and
finite element method (FEM) are conducted to analyze
the field solution. In the initial state, multiple finite element
analyses (FEAs) are conducted to check the torque density,
cogging torque, and back-EMF. For this, time must be
spent on drawing the geometry and setting the conditions
in order to obtain FEA results. However, a well-established
analytical method may provide a proper field solution
without wasting time, even though the geometry of the
permanent magnet (PM) motor is changed. The most
compelling reason for using the analytical method is that
the field solution can be calculated simultaneously, com-
pared to FEM.

A surface permanent magnet synchronous motor (SPMSM)
is investigated using analytical methods. The precise no-
load field solution, involving the radial and tangential
components of the air-gap flux density (AFD) of the internal
or external SPMSM with radial or parallel magnetization,
is presented in [1]. The slotting effect is defined using the
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complex relative air-gap permeance (CRAP) obtained
from the results of the conformal mappings (CMs) of the
slot geometry [2]. It also shows that the no-load analysis
can be determined by the CRAP of the slotted motor. An
analytical method, with a magnetic-equivalent circuit and
CM, was recently applied to an interior permanent magnet
synchronous machine, as shown in [3]. However, the
application of the conformal transformation to SPMSM
for the notch effect has not yet been studied. The notch
effect based on FEA has been investigated to analyze the
flux distribution in air-gap depending on the notch shapes
[4, 5]. The notch shape used to apply the stator for
reduction of the cogging torque and torque ripple.

In this paper, we propose the novel computational
method to calculate the no-load AFD of a notched motor
using conformal transformation of a slotted air-gap and
the notch sensitivity coefficient. To begin, a notch sensi-
tivity coefficient equation is established by investigation
of the relationship between the slot and notch shape.
Then, the CRAP of the notched air-gap is obtained by
combining the CRAP of the slotted air-gap with the notch
sensitivity coefficient. Finally, the CRAPs of the slotted
and notched air-gaps are used to derive the no-load AFD
distribution. To check the validity of the proposed method,
the no-load AFD (radial and tangential components) and
cogging torque are compared with the 2D FEA results.
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2. Slotted Model Analysis

Generally, analysis of the slotted model with CM is
based on the no-load field solution of the slotless model.
Hence, the no-load AFD of the slotless model was
calculated [1]. Following this, the slotted shape was
transformed into the slotless shape via CM. The CM
result of the slotted and slotless shapes is defined as the
CRAP [2]. Finally, the combination of the CM result and
no-load field solution of the slotless model led to the no-
load field solution in the slotted model.

2.1. Slotless SPMSM model analytical method

The general two-dimensional analytical method for
predicting the no-load field distribution in radial and
parallel magnetizations is presented in [1]. The radial and
tangential components of the no-load flux density in the
slotless model become

leot/essir = Z§:1.3A5,..A‘Xv Cos { np( 0- wrt + einita/)} (1)
Btotiess 0= 15, Y cos{np(6— w,t+ 6.} 2

where X and Y are the motor parameters, p is the number
of pole pairs, o, is the mechanical angular velocity, and
B0 18 the initial angle of the rotor. The air-gap flux
density of the slotless SPMSM consists of two compo-
nents—radial and tangential—and can be written as [1]:

B = leotlessir + leotlessiﬁ‘ (3)

slotless

2.2. Slotted SPMSM model analytical method

The conformal transformation is a significantly useful
method for the analytical solution of a Laplacian field
with the boundaries of a complicated model. Furthermore,
CM is used to transform the slotted model into the slot-
less model, for which the field distribution is determined
using (1) and (2).

The process of the shape change, from the slotted model
to the slotless model, has four conformal transformations
and five complex planes: the S, Z, W, T, and K planes, as
shown in Fig. 1. T} transforms the cylinder shape into a
polygonal shape and 7y is the inverse transformation. The
Schwarz—Christoffel transformation, represented by 7,
and T3, is considered important because it is closely
related to the calculation of the CRAP. The geometric
shapes of the S- and K-planes represent the slotted model
and the slotless model, respectively. All descriptions of
the complex planes and equations of the transformations
are well-established in [6].

After CM, the AFD distribution of the slotted motor in
the S-plane can be written in the following form:
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where By, is the AFD of the slotted air-gap, Bijoess 1S the
AFD of the slotless air-gap in the K-plane calculated
according to (1) and (2), and Cg,, is the CRAP calculated
in detail in [6]. Cy,, consists of real and imaginary parts in
the form

Cslat = Cslatia +stlot7b (5)

leot =B

slotless

By, s also a complex number, represented as By = By
+ jBgior 0, and so, it can be rewritten in the following form

[2]:
leotir = leotlessircslotia + leotlessiﬂcslatib (6)
leot79 = leotlessiGCslotia + B.Y/ot/essircslotib . (7)

3. Notched Model Analysis

The analytical method with conformal transformation is
frequently used as it takes a similar run-time while chang-
ing motor parameters, including the rotor outer diameter,
stator outer diameter, and magnet grade. The run-time of
the FEA varies depending on the motor size.

In this study, the conformal mapping was adapted to the
analysis of the no-load field distribution in the notched
motor. The main theory of the notched model analysis is
that the CRAP of the notched air-gap is approximated
based on the CRAP of the slotted air-gap with the notch
sensitivity coefficient. Analysis of the notched motor
begins with the slotless model. Then, the notch coefficient
is calculated by the relationship between the notched and
slotted shapes. After this, a notch CRAP can be defined.
Finally, the proposed analytical method of the notch effect
can be validated in comparison to the FEM results.

3.1. Notch sensitivity coefficient equation

For the notched model analysis, the notch sensitivity
coefficient associated with the notched shape is first
established. In Fig. 1, the notch shape is regarded as the
slot shape, exempting the geometrical properties of width
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Fig. 1. Geometric properties of the (a) slot and (b) notch.
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Table 1. Notch sensitivity coefficient depending on the depth and width of the notch shape.

Weo

p 0.5 1 15 2 25 3 35 4 45 5
0.25 1.0158 1.0319 1.0483 1.0649 1.0818 1.0990 1.1164 1.1341 1.1521 1.1704
0.5 1.0149 1.0300 1.0454 1.0610 1.0768 1.0929 1.1092 1.1258 1.1426 1.1596
0.75 1.0139 1.0281 1.0425 1.0571 1.0719 1.0869 1.1021 1.1175 1.1331 1.1489
1.0 1.0130 1.0262 1.0396 1.0532 1.0669 1.0808 1.0949 1.1092 1.1237 1.1384
125 1.0121 1.0243 1.0367 1.0493 1.0620 1.0748 1.0879 1.1010 1.1144 1.1279
425 1.0009 1.0018 1.0027 1.0037 1.0046 1.0055 1.0065 1.0074 1.0083 1.0093
45 1 1 1 1 1 1 1 1 1 1

and depth. The only difference is the parameter size
between the depths of the notch and slot. Owing to the
similarity in the geometry, the notch sensitivity coefficient
can be established on the basis of the slot and notch
variables, such as depth and width. Generally, the CRAP
mainly changes depending on the width; thus, the slot
opening b, and the notch width wy are the critical factors
that change the AFD distribution. Therefore, the major
CRAP values of the slot and notch models are determined
by the width. However, a minor difference of the CRAP
between the slotted and notched models occurs depending
on the notch depth d. When d is close to 0, the no-load
AFD of the notch is higher than that of the slot since the
effective air-gap length of the slot shape is longer than
that of the notch shape. Meanwhile, when d is close to the
slot length, the no-load AFD of the notch is equal to that
of the slot. As d increases to a specific length, i.e., one-
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Fig. 2. (Color online) Representation of notch and slot geom-
etries.

Table 2. Design parameters of the slotted and notched SPMSM
model.

fifth of the slot length, the no-load AFD gradually Parameter Symbol _ Value Unit
decreases; however, beyond this length, the no-load AFD Pole 2p 4 -
of the notch is equal to that of the slot. The notch Slot . . o 12 -
sensitivity coefficient, B, is defined as Pole-arc/pole-pitch ratio % 0.872
Air-gap length g 0.5 mm
_ d We Radial thickness of magnet L, 2 mm
Proren = exp(l a leor/5) (360/Q) ® Stator radius R, 40 mm
Magnet radius R, 39.5 mm
where Ly, a.nd O, are the slot depth a}nd the number of Rotor radius R 37 mm
slots, respectively. B...x 1S calculated using different values Slot opening b, 28/4°  mmidegree
of d and wy, as given in Table 1. In this study, Ly, is 22.5 Stack length / 50 mm
mm; thus, the specific length becomes 4.5 mm. There- Magnet remanence b, 0.8 T
fore, Buwen is 1 if d is 4.5 mm, demonstrating that the Relative recoil permeability 7 1.05 -

notch shape is considered as the slot shape. Additionally,
if d is longer than the specific length, ... is regarded as
1.

3.2. Complex relative air-gap permeance of the notch
shape

Figure 2 shows the simplification of the notch and slot
geometries and Table 2 lists the design parameters of the
notched SPMSM model.

The CRAP of the notch shape is obtained using the
CRAP of a reference and f,,.». The CRAP of the refer-
ence is the result of conformal transformation, usually
used for the slotting effect, based on the notch parameters.
It implies that the CRAP of the reference is considered as
a slot shape using d and wy before post-processing, i.e.,
before the transformation from slot to notch. The CRAP
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of the notch shape also comprises real and imaginary
components. The real component of the CRAP of the
notch shape is expressed as:

C = Cot_a X Buoren (Within the notch width). (9)

notch_a

The most crucial point is that Cy, , is the result of CM
using notch parameters such as d and wy. Further, the
imaginary component of the CRAP of the notch shape is
defined as

Cnotch_b = Cslol_b x (2 - ﬁnotch) . (10)

The notch and slot parts exist within one slot pitch, as
shown in Fig. 2. Therefore, the new CRAP can be defined
as:
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Table 3. Notch parameters of the three models.
Parameter Unit First model ~ Second model Third model
d mm 0.25 0.5 0.75
We : 2 3 4
Boteh - 1.0649 1.0929 1.1175
C s 0,<0<86
Cm)w — { notch ( 1 3)' (11)
Citon (<0< 65)

The wave forms of the real and imaginary parts of C,,,,
calculated in the center of the air-gap are shown in Fig. 3.
The notch depth and width in Fig. 3 are 0.25 mm and 2°,
respectively.
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Fig. 3. (Color online) Geometric properties of the (a) slot and (b) notch.
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Fig. 4. (Color online) Comparison of flux density waveforms between the proposed analytical method and FEA.
Byew » of (a) first model, (b) second model, and (c) third model. B,.,, ¢ of (d) first model, (¢) second model, and (f) third model.



-172 -

Magnetic Field Analysis of Notched SPMSM Using Conformal Mapping — Young-Yoon Ko et al.

o8l — M A FEA ||

,INm]
,INm)]

Cogging Torque, T,
S
Cogging Torque, Tc

0 15 30 45 60 75 90 0 15 30
Mechanical Angle, 0 [degree]

(@)

— CM A FEA || — 08 — CM A FEA
E
£
§oa
-
g
I3 0.0
(o]
fisd
D 04
@
(=3
Q
O 08k
45 60 75 90 o 15 30 45 60 75 90
Mechanical Angle, 0 [degree] Mechanical Angle, 0 [degree]
(b) (©)

Fig. 5. (Color online) Comparison of cogging torque waveforms between the proposed analytical method and FEA for (a) first

model, (b) second model, and (c) third model.

3.3. No-load air-gap flux density of the notch shape
The no-load AFDs of the slotted and notched air-gaps,
B, can be expressed by

Bnew = Bnewir + BnewﬁH (12)
where

Bnewir = leot/essircnewia + B.Y/otle.rsiﬁcnewib (13)

Bnew_E‘ = Bs[otless_ﬂcnew_a + leotless_rcnew_b (14)

Biiottess » and Byoegs ¢ are the no-load field solutions in the
slotless model and are calculated from (1) and (2).

In this study, three notch models are selected, the
parameters of which are listed in Table 3.

The three model waveforms of B, , and B, ¢ are
shown in Fig. 4. The no-load AFD of the proposed
analysis is compared with the FEA result of each model.

The waveforms of the no-load AFD, calculated using
the proposed method, agree with the results of the FEA,
shown in Fig. 4.

4. Calculation of the Cogging Torque

We calculated the cogging torque of the three models
compared to FEA to verify the proposed analytical
method. Theoretically, the cogging torque is derived from
both the radial and tangential components of the no-load
AFD, B,.,, , and B,,,,, ¢ of this model. Generally, the cogg-
ing torque of the slotted and notched SPMSM models is
expressed as

e 01 = 20 [ By (0,005, 0000 (15)
where B, , and B,., ¢ are calculated using (1), (2), (13),
and (14); @ denotes the position angle; and 7 indicates the
rotating time. Using the no-load AFD obtained by the
proposed method, T;,, was also calculated and verified
compared to FEA, as shown in Fig. 5.

The waveforms of the proposed method are quite

similar to the FEA waveforms. The errors of the obtained
cogging torque are within 3 %, indicating that its result is
of an acceptable accuracy.

5. Conclusion

This paper introduces the notch effect based on the
analytical method of the slotted and notched SPMSM
models. The main concept was established by the analysis
of the relationship between the slotted shape and the
notched shape. As a result, the notch sensitivity coefficient
was derived from the notch parameters. Therefore, by
transforming the SPMSM model, including the notch into
the slotless SPMSM, the CRAPs of the slotted and
notched shapes were calculated. Although a change in the
notch depth and width led to different forms of the no-
load flux density, the analytical calculation of the proposed
method yielded reasonable air-gap field solutions. This
result was used to calculate the cogging torque. As the
flux density was already verified, the cogging torque
result was well-matched with the FEA results.
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