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The entropy of electron-positron and ion plasma plays a significant role in the transportation of particles,
momentum, and energy. Drift waves in these plasmas produce central mechanisms for this transport. The
effects on tri-polar and quadrupolar vortexes in epi plasma have been analyzed numerically under various
approximations. As plasma consists of various elements, it is important to understand the effects of entropy on
systems. In this article, we have discussed how entropy affects linear and non-linear equations in the presence
of temperature, equilibrium density, electrostatic potential gradients, and a magnetic field. Additionally, by
investigating tri-polar and quadrupolar vortexes without regard for entropy effect we can find information

about this phenomenon.
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1. Introduction

The entropy gradient affects the movement of energy,
momentum, and mass in plasmas. It is also known that it
plays a significant role in the transport of momentum,
energy, and particles within the magnetic fields. Drift
waves created by epi plasma are responsible for
transporting these substances most efficiently [1]. The
formation of spatial structures related with drift methods
is one of the noticeable reasons for Low Heat transition in
magnetic confinement system likely Tokamaks [2]. The
most efficient means for the unusual transport of ions in
magnetically confined devices are lon Temperature
Gradient (ITG) driven modes, Trapped Electron (TE)
modes, and Pressure Gradient Ballooning (PGB) modes.

Entropy is a thermodynamic characteristic that defines
the organization of systems. Essentially, entropy quantifies
how many possible states a system has available to it. In
1989, Zhang et al. [3] were the first to observe entropy
fluctuations in space. However, this has consequences
that go beyond just thermodynamics-like processes like
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energy transfer or magnetic reconfiguration can also cause
entropy changes. This research then led to investigations
of how entropy affects different plasma models-something
which is still ongoing today. By understanding entropy's
effects on these various systems, we are able to improve
our understanding of fusion plasmas as a whole [4].

The study of both linear and nonlinear drift waves
which are generated by the electrostatic ion-temperature-
gradient (ITG) is important for understanding fluctuations
within Tokamak plasmas as well as the transport of ion
energy [5, 6]. When ion and drift waves move in parallel
to an externally applied magnetic field, a coupled linear
mode of oscillation will occur. This can be observed
when the plasma is heated by a neutral beam. In some
experiments, it was found that density fluctuations
increase with increasing temperature (7; > 4k) [7, 8].

A number of scientists have looked into the driven
mode of temperature gradient in Tokamak plasmas to
better understand thermal and anomalous transport [9].
Tokamak plasmas have been studied in regards to
anomalous transport. it has been found that small-level
disturbances are related to the existence of ion temperature
gradient modes [10]. The instability in the toroidal ITG
mode is mainly due to impurity effects and magnetic field
curvature [11, 12].
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In this article, we have examined and expanded the
previous work on electrostatic vortices linked with Ion
Temperature Gradient (ITG) driven drift modes in e-p-i
plasmas by M. Azeem and Arshad M. Mirza [13]. The
ion continuity equation and the potential for the creation
of a monopolar vortex in epi plasma were first explored
in our numerical model without the inclusion of entropy
drift, and in the second half, these factors were calculated
in our numerical model with the addition of entropy drift.
The references [18, 19] non-diamond isoelectronic [20-
22] Lithium-Ion, functional organic Zinc-chelate formation
with nano-scaled granular structure and Fluorine-doped
amorphous carbon layer [23, 24], non-thermal plasma,
achieving giant piezoelectricity and on ferroelectric
synapses with excellent conductance linearity is represented
in [25-27].

2. Formulation

We examine non-uniform electron-positron-ion plasma
(EPI) when equilibrium density, magnetic gradients and
ion temperature are present in a uniform magnetic field.
Ion pressure can be maintained by a body force F.ie,a
gravitational force or acceleration of the equilibrium
plasma, or an external electric field.

Mathematically, in the comparison of low frequency
with ion gyro frequency [14]:

we=(2), (1)

m;c

In the above expression, e, m;, ¢ highlights respectively
magnitude of electron charge, mass of ion and speed of
light.

The ion fluid velocity in mathematical form is

-

vi:ﬁEB+5Di+ﬁ7T+ﬁpi+ﬁi ” B\a (2)

where p = % is a unit vector in the direction of magnetic
field [15]. Where Dgp is E X B dift, Bp; is diamagnetic
drift and ﬁpi is polarization drift. As Ugp is V x B drift

which is defined as:

5 _ B =55 3)
Vgp = =3 X Vo E’Ob XV,

The diamagnetic drift (¥p;) is addressed as

By = (5) b x V(T )

Also, 3 ; is polarization drift found by an equation of
motion, then by Newton’s second law, we have

_85_
m%zen(ﬁ +17><§)—VP, (5)
We take w K w,, therefore, Eq. (5), becomes
0=en(§ +17><§)—VP, (6)
Applying cross product of Eq. (6) with B, we arrive
en(ﬁxﬁ +(1?><§)><§)—VP><§:O, (7)
Now by triple cross production, we have
(AXxB)xC=B(C.A)—A(C.B), ®)
(3x B) x B = B(3,.B) — 5.5 ©)
(5xB)xB = —5,.52, ~B(#.5)=0, (10
Invoking Eq. (10) in Eq. (7), we get
en(ExB—17,.B?)—~VPxBE=0, (11)

As Upp = % and Up; = —%, then Eq. (12) reduce

to the following equation
V) = Ugp + Up; , (13)
The equation of motion take the form

d_’ - - —
mnd—Zzen(El+ UJ_XB)—VP, (14)

Cross product of Eq. (14) with §, we have
dv — - N — —
mn—xB = [en (E, + 7, xB) -vP]xB, (15
- - - m02 a - - =
V|, = Vgp + Upi + (E) [E + (UEB + vDi) V] EJ_) (16)

(4

- a - -
Upi = [5 + (Vgp + Upi)- V] Vo, (17)

Bow,
Invoking, the above expressions in Eq. (2), we arrive

c

ﬁL:;BXV(l)‘I‘( )BXV(TliTi)‘l‘ﬁz

eBin; (18)
+ _( ¢ )(%+ﬁi.v)vL¢+ﬁi Il B,

Bow,

Where ¥, = (L_)) bxV.T' .
eBy

Note that, 7" signifies collision less stress tensor, and
¥; |l is parallel component of ion fluid velocity [14].

Putting equation (18), into ion continuity equation and
getting n, = n,+ n; and T, = T,, + T;;, where njg K ng
and Til K TiO'

Mathematically, the continuity equation is addressed as
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% + V. (niﬁi) = 0, (19)

Now implementing

a = - -

a—rtl + V.(nvgg) + V. (n;vp;) + V. (nivpl-)
+ V. (Tli'l_}i ID = 0,

, (20)

Solving each part individually and then invoking in the
above one

Z—’Z+no]ﬁB.V¢—no(ﬁ)l3X{%+VN}-

eB, no

V® + ny . VT + 5. VN — 52 [at +

(Bi) b x V.| V3 — 62V. (B, V)V, @ @1
+v,[(1+ N3] =0,
Finally, we have

(0t + B. V)N — (e%) b x V(Inn, + N).Vé +

By VT + | Bp. Ve — 52 [at+BioExv¢>.v+ 22)

Bpo V| V2 — 62V. [(Bp;. MIVO + V(1 + Ny = 0,

Where 3p; = (:—;") b x V(N + T) is perturbation in

zero™ order ion diamagnetic drift.

3. Solution Methodology

We have examined how magnetic field, density, velocity
gradient and temperature can cause improved ion-acoustic
waves and electrostatic drift waves to develop unstable.
At a certain point in the instability process, nonlinear
effects appear to be significant for some of the perturbed
quantities. To make calculations more straightforward, we
use a dimensionless solution. Let us consider the
following variables [16]

cst X y z Cs
t'=—x'=—, y == 2'=—,p;=—,
Ly Ps Ps Ly ° Wei
P = (¢eni0Lni) _Tilni s _ Lpivig 2
—_ ) - ) v = ) ( 3)
Ds (neo + npo)TO PsTio PsCs

— ioT,
Ly = [dx(lnnio)] 19 Cs = ’ﬁa

For simplicity, we shall drop the s uperscripts prime
[17].
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DV = [dy 300, — (1 + at™1)d,|d — ar™9,T, 24)
As Up. V= akgd,T,
(De +2akpdy ) T =20, (n Np)o> 25)
+(E-thr) 9@ - 2D =0,
and
0:(1— V) ® — a, @0, + aKpd, T

—[1—(a+ 1)Kz + aKk;Vi]0,® — (1 + (26)
at ™) J (&, V() —art™V.J (T,V,®) + 9,5 =0

§=y+n,z2— ot (27)
Considering the transformations
5} 5} 7] 5}
L _9 L_, 2 28
& ay 1, 9z Hogp (28)
a a a a a a
98§ oy’ o¢ o 0z’ 0¢ Ho at’ 29)
a a a a a

=24 (lpl_22pl 30

Df_at+<anq’a; afcbax), (30)
d a a a a

— i pl 2 pl 31

Dy Ho d 0y O Bf 0y’ 1)
7] 1{0 a a a

= L2l _‘Top L 32

Dt Ho [af Ho { Ox ® af af ¢ ax}], ( )
1

Dt = —‘MODg or Df = __Dt 65 = E)y

(o

Invoking above values in Eq. (24), we arrive

N > 0 _ a _ a
DT = [ duip 2= (1 + @t 1y 2| @ - ar g 2T.(33)

S 1 L9 - a - 9
Dy = _u_o[dxvmﬁ_f_ A+at™ 1706:] o—art noa—fT, (34)
For more simplification, taking (—1), we arrives

(—#oDs +2 ahpde) T —2 (—poDg)®
(35)

2 5
~2 0,(InNp)®I;® + (5 — tkr ) 0p 0 = 0,

5 2
—Uy (Df —% (XkBaf)T‘i';‘Llon(D (36)

5
=20, NP0 + (2 — Thy ) 0,0 = 0,

For further simplifications, divide by —z,
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5 2 2
(Df —%akBaf)T —5 chb +—

3o
(37)
1 /5
0, (In Ny )b — - C-kr)o;0 =0,
—po0¢(1 — V3D — a, ®(0:P) + akpdeT
—[1— (e +Dkp + akrV3]0g® — (1 + (38)
at™) J(®,Vid) —at™'V.J (T, V, @) +1,0:¥ = 0
9:(1— V)P +=2 CD(@;(D) - —kBafT
+ ui [1 - (a + Dkp + akrV3]0:® + iu + (39)

at™1) J(P, V2 D) +—T_1V] (T,V, ) —

1]06;17 0’
O

4. Tri-polar Vortex

We now seek a stationary solution of egs. (37-39)
known as tripolar vortex. To find this stationary vortex in
an ion sheared flow in e-p-i plasma, we assume Gaussian
profiles for density, temperature, and magnetic field. This
allows us to approximate Kz = Kpo + Kpix and Ky = Kpo
+ Krix. The effect of the equilibrium perpendicular ion
flow velocity, caused by a radial electric field -V ¢,, is
included in the £ x B drift. This is done by expressing the
total electrostatic potential as the sum of an equilibrium
¢, and a perturbed ¢ potential, where ¢,=%,  (x — x,)?/2
It is important to note that the equilibrium potential
profile only applies to linearly varying perpendicular
flows. This is assuming KB and KT are selected, and
without any scalar nonlinearity. Eq. (39) can be rewritten
as follows:

[0+ (71 + 30 5227 s 5227 =, 0

[Mo—ﬁlo‘Fﬁ’J_axo—(;)“KBo]
oo
and although it is very difficult to analytically solve Eq.

(40) for a localized vortex solution. However, if we set x;
= X,, then

(240 +5-37K70)
37KT1

where x;= and x,=

— 2 i
T = Kpt S22 = £ [0 + (3], + 2akp ) S22, a1)

The condition of x; = x; is a determinant for the phase
velocity of the vortex. f; is an arbitrary function of its
argument. If perturbations at infinity are minimized, we
obtain

KTlT

T=—Hf
[920+(3) k1]

® = a,o. (42)

— 87—

Inserting 7T in Eq. (33), this is satisfied by

v=fo(®+ D] (X x3) +noat (1 +a; + a 1) (x — x,), (43)

Where

X3 = (MO -V 0 + ﬁlloxO)/ﬁLO!xél-

(44)
Tio_ -(1+a,+a™ 1),

~ moar?
and f; is an arbitrary function and we take it in the linear
form such that £(y) = F-2.y, we obtain
651}) = ang(b, (45)

Equations (44), (45) and (39) can be combined to give
the Jacobean

{aKTl[1"'0”_1(1""17)]_1""710}(7‘—955)2
J = (CD + 5 ,

(46)
V2 + TKp1 (x—x6)? -0
1 2 4
where
_ {rot[1+arr(1+a) (VL gX0—V1,)-aKTo}
Xs = [1+ar‘1(1+a7)]1710+a’KT1 ’ 47
and

Xg = {Ilo+[1—(“+T)K30+aa7KBo+770F2]}’ 48)

aKpi(1+a;+a~1t

Again setting xs = x5, Eq. (46) can be integrated to
obtain the general solution

Vicp + TKBl(x_xs)z

msrarasa e
_ aKry|[1+at™ (1+az)] +Vj(x—x5)

- f3 (CD + 2 )
where f; is an arbitrary function. Using the appropriate
boundary conditions for a localized vortex solution, we
obtain

.82
Vi = FCD’ (50)

2
Where i—z = TKpy /{aKp1[1 + at™ (1 + a;)] 7t + 91 }.
Using the standard procedure, Eq. (50) can be solved in
cylindrical coordinates, both within and outside a circle
with a radius of a. Its solution takes the form of a tripolar

vortex.

5. Quadrupolar Vortex

Equation (50), can also be rewrite as

V2D + agX? = f(® + agX?), (51)
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In the above expressions, ag = K3/2, ay = {aKp[1 +
ar'(1+a)]" + v }/2, X=(x —xs), and f, is an arbitrary
function of the given argument and we choose it as a
linear one, i.e., f; = fyo + (® + X?)f,;. With this choice
of f; we can rearrange the Eq. (51) defining new constants.

(Vi = D® + ay0X? = foo + (© + X*)f};. (52)
where A9 = 1+ ag + f41 - a9f41 and f4_,1 =1 +f41.

6. Entropy Behavior

We have augmented the drift approximation below the
low-frequency (w << wg;) with an entropy drift, where
the ITG mode has a frequency of ® and the cyclotron
frequency of ions is ®,; = (eBy/mc), where e is the
magnitude of electron charge, ¢ is the speed of light, and
m; is the mass of ions. Additionally, an electrostatic wave
can be expressed as E=-V¢ (where ¢ is the wave
potential) [1].

Drift approximation with entropy is communicated as

Vi =Tpp+Upi+ Vs + U+ U+ 0 I b,  (53)
Now tackle for entropy

V. (%) = V. U5 + v,Vn;, (54)
Implementing perturbation technique

V. () = (mp + ) | = S (B X VS,). VT — 1
(55)
T,(b X VS;). ( VBO)] + B.Vn, + B,.Vn;,
V. 0nit) = naSom [ (B x 72 = 5 (6 % T2)
io o » (56)

+22 (b x ‘7:)] VS + n, . VN,

eB,
V.(niU) = ny,Som;[Uy + Up — Ugl. VS + n,U,VN, (57)

cT; ~ vn cT; ~ VT;
‘l_}N == Lo (bx_o),ﬁ'r = Lo (bX lo)

eBy o Bo Tio /’
where . T+ VB0 B (58)
B eB, i —» >

V. (n;¥) = ny,Som;[(1 +n)0y — UB] VS +n,UVN, (59)
After the addition of entropy, the new form of ion

continuity equation is

o + V. (nvgg) + V. (nvp;) + V. (n; V) 60)
+ V. (By;) + V. (% 1) = 0
N,0:N + n,7(Pg — By)V + 1y Tg. VN + n,0g. V(N + T)
—n,82[0; + BV + (1 + 1) By. VIVip — 1o 82[V(pi. VIV, b ©1)
+n,Som;[(1 + ny) Uy — D). VS + n,U5. VN +
n,Vy[(1+ N)v, b =0,

Dividing by #,, we have
(0,D5.V + U5.V+ U.. V)N + 1(¥5 — Vy). Vo + Dg. VT
— 62[0; + VgV + (1 +n;)Vy. VI0Z P — 6Z[V. (Vp. VIV, ¢ (62)

+ nDSOmi [(1 + ni)ﬁN - ‘BB] VS + V” [(1 + N)l_;L 1_7)"] = 0,

7. Entropy Drift and Non-linear Solution

We have studied how density, temperature, velocity
gradients, and magnetic fields can cause instability in
modified ion-acoustic waves and electrostatic drift waves
with entropy drift. At a particular point in the development
of the instability, non-linear effects appear to be significant
for the perturbed values at certain points. To assess this,
we used the same method of calculation and introduced
normalized parameters to incorporate entropy into egs.
(25) and (26).

5 2 5
(De +Zakpd, ) T —20,(0 N,) 3,® + (2 — k7 ) 0, ® )
= 2D,® + de{noSomy[(1 + )iy — B5). VS +n, 5,YN = 0,
(De +2akpdy ) T = 20,0 Np) 0y ® + (5 — iy ) 0,
(64)

—2D,® + 3{noSom;[(1 +1)By]. VS + n,%YN = 0,
and

0:(1 = V)@ — a, @9, ® + aKpd, T —
[1-(a+DKp+akrVi]10,@ — (1 + at™) ] (P, Vi) 65)
—at V. J (T, V, @) + 3,7 + 0. {n,Sem;[(1 + n) ¥y

— B5].VS + ngBVN =0,

Invoking all these in Eq. (24), one has

S L 2 _ 2 1. @
—poDg¥ = [dxvioa—{—(1+ar D) naa—f]fb—ar 17706—§T (66)

— toDe[n,Som;{(1 + 1) y. VS — aKpd,T}| + n,¥VN =0,
s _tlgp 2 _ -1y, 9
D:v = - [ d, Vi, % 1+at™Hn, a{] P

(67)

+ (‘" - ’70a + DgnoSom;aKyd )T —”;—fSVN +
De[noSom; (1 + n;)vy. VS],
From eq. (63), we have
(—Mon +§ akg0z — tgDgnoSom;aKgds ) T
=2 (~uoDg)® — 2 9, (In N,) 09 P + (§ - TkT) ;0 (68)

+ 0:{n,Sym;[(1 + n)Vy — V5] VS + ng%,VN =0,
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(—uon{l + noSom;aKpog} + g akgag) T+ % (1oDg)®

2 5 69
=2 0,(nNp) D9 ® + (2 — thy ) 0p 0 + (69)
0¢{neSom;[(1 + n) ¥y — D). VS + ngB,VN = 0,
Diving by —u, we arrive
(Def1 + noSomuakipdg} — 5= akydg ) T =% (D)@
2 5 70
-QE@mmnﬁm—@—wﬁ%w (70)

7] . R .
Ho — #_Z{nosomi[(l + T]L')UN — ‘UB]_VS — Z_ZvSVN — 0’

8. Entropy Drift and Tri-polar Vortex

We are now searching for a stationary solution of egs.
(34)-(39), with an entropy drift, known as the tripolar
vortex solution. To find this type of stationary vortex
solution in plasma with ion sheared flow and entropy
drift, we assume Gaussian profiles for density, temperature,
and magnetic field. This allows us to approximate Kz =
Ko + Kpix and Ky = Ko + Kpx. The perpendicular ion
flow velocity equilibrium is affected by entropy drift,
which is driven by a radial electric field —V¢,. This
effect is incorporated in the £ x B drift when entropy drift
is present, by expressing the total electrostatic potential as
a sum of the equilibrium ¢, and perturbed ¢ potentials,
where ¢, = 5, (x - x0)*/2.

The effect of the equilibrium perpendicular ion flow
velocity with entropy drift, which is caused by a radial
electric field, is incorporated in the drift in the present of
entropy drift, by writing the total electrostatic potential
as a sum of the equilibrium ¢ and perturbed ¢ potential,
where ¢, = Uy (x — x0)*/2. It is important to remember
that the equilibrium potential profile only describes linear,
perpendicular flows. By selecting KB and KT, and with
no scalar nonlinearity present.

Eq. (39) can be rewritten as follows:

, 5
Ji [qb + (vlo + De{1 + noSomyaKpds } — e akBag)
(71)
— 2 — 2
(x ;1) ,T+KT1T(X ;cz) ] =0,
[uo—ﬁlo+17/J_Ox0—D§{1+n050mia1(365}—% akgag]

510=(3) ki

where x; =

and x, = (2u0+5-37tKT0)

3TKT1
solve Eq. (24) analytically for a localized vortex solution,
setting x; = x, allows one to integrate the equation and
obtain a solution.

.. Although it is very difficult to

— 89 —

(x=x2)?
T=Kpt—=—=
T1 2 (72)
(X—x1)2]

fi [cb + (1310 + De{1 + ngSym;aKyd} — 3—20 akBag) -

When x; equals x,, it determines the phase velocity of the
vortex. f; is a function of its argument. To ensure that
perturbations become zero at infinity, we must adhere to
this condition.

K17
T_ T1

B d=a',0, (73
[/ 10 +De{14n0Somiak pOg}—5- akp g 7P, (73)

Inserting 7 in below equation this is satisfied by
S 1 L 9 _ a
D,;:U = _E [dxvl-o 6_§ - (1 +art 1)7)0 a—f] (o}

(74)

o : nov,
* ( ;O o5 * Dfnosomi“KBaJ/) a';® — ﬁVN +

(x—x3)?

2

v =0+, +npat (1 +a’; +atD)(x—x'y), (75)

Vig

Noat

where x; = (g — By, + 1 g%0) /[Py X'a = A+d,;+atD),

and f, is an arbitrary function and we take it in the linear
form such that £,(y) = F,.y, we obtain
0s¥ = F,0:D, (76)

The above equations can be can be combined to give
the Jacobean

)

_ {aKTl[1+0rr‘1(1+a/7)]_1+17j_0}(x—x15)2
J = (CD + >

(77)
vZ D+ TKBl(x_x’e)z =0
1 2 )
where
X’S _ {,u0+[1+a-[—1(_11+ar7)](ﬁj;gxo—ﬁlo)—al(m}’ (78)
[1+at (1+al7)]vl0+aK—pl
and
X' = {Ho"'[l_(a""[)KBO+aa’7KBO+770F2]}’ (79)

aKpgi(1+ars+a~1t

again setting x5’ =x,', Eq. (28) can be integrated to
obtain the general solution:

2 TKpq(x—x15)% _
Vid + -, = 0)
£ (@ 4 lEmlta @ ) 5 o)’

3 )

2

where f; is an arbitrary function. Using the appropriate
boundary conditions for a localized vortex solution, we
obtain
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Ty @

g2 - '+ B
Where F:TKBl/{aKTl[l-l_aT 1A+ a D+ )

Eq. (81) can be solved using standard procedures in
cylindrical coordinates, both inside and outside a circle
with radius » = a. The solution is presented in the form of
a tripolar vortex.

9. Entropy Drift and Quadrupolar Vortex

Eq. (80) can also be rewrite as
Vifb + ang = f4(CD + algxz), (82)

Where ag = 1Kp,/2,d'q = {aKpy[1 + at™}(1+a')] 7 + 1710}/2,
X = (x—xs), and f; is an arbitrary function of the given
argument and we choose it as a linear one, i.e.,
famfot (O +X2)f41. With this choice of f;, we can
rearrange the eq. (4.22) defining new constants.

(Vi = D@+ a'10X? = foo + (D + XD, (83)

Where a'yp =1+ ag + fos —a'ofyy and fi; =14 fi;.
A localized general solution of quadrupolar vortex due to
entropy drift is shown in the above equation.

10. Conclusion

The study of entropy drift is essential to the transport of
mass and energy. Initially, we examined a numerical
model of tri-polar and quadrupolar vortexes in the
absence of entropy drift. Subsequently, a stationary
solution was derived to include entropy effects in both the
tri-polar and quadrupolar vortexes. This research opens
up new possibilities for researchers to investigate the
entropy effect in different plasma models. The findings
from this work will be used to further understand the role
of entropy drift in numerical models.
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