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This paper presents the magnetic flux density and cogging torque calculation of a surface permanent magnet
synchronous machines. We obtained analytical magnetic field solutions produced by permanent magnets based
on the magnetic vector potential. Then, the analytical solutions for cogging torque were obtained. All analytical
results were validated with two-dimensional finite element analysis and experimental results.
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1. Introduction

Permanent magnet synchronous machines (PMSMs)
have become an essential technology in industries such as
home appliances, computer peripherals, industrial tools,
and electrical vehicles [1-5]. Research on the design and
characteristics of PMSMs is being actively conducted.
Typically, finite element methods and analytical methods
are employed for designing a permanent magnet syn-
chronous motor or performing characteristic analysis. The
finite element method is one of the numerical methods
that can be performed using a commercial tool, which
simplifies the analysis. However, it is necessary to learn
how to use each of the required commercial tools. It
poses a disadvantage because it becomes difficult and
depends on the experience of the designer [6-9]. The
analytical method is implemented to analyze the electro-
magnetic field characteristics using Maxwell's equation.
Magnetization modeling using the Fourier series and
partial differential equation derived through the magnetic
vector potential are applied to the shape of the device. It
has to be preceded by deriving a solution considering
various boundary conditions that fit, but there is a draw-
back that magnetic saturation cannot be considered.
Because the analytical method can predict the characteristic
variation according to design parameters, continuous
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research is being conducted. Many two-dimensional
analysis models for slotless type were proposed in the
early research of the analytical method, most of which
focused on open circuit analysis [11]. Assuming that the
relative permeability of iron is infinite, slotless permanent
magnet machines are very simple; therefore, the magnetic
field in the air-gap can be predicted by calculating the
Poisson’s and Laplace's equations in a simple domain.
One of the difficulties in analyzing permanent magnet
machines using the analytic method is to consider the
slotting effect on the stator side. Energy conversion
occurs through a magnetic field in the air gap between the
rotor and stator in permanent magnet machines. It is
essential to accurately predict magnetic field in the air
gap. Slots distort the air gap magnetic field distribution,
and the distorted magnetic field distribution has a
significant influence on the electromagnetic performance.
Therefore, if the permanent magnet machine is analyzed
without considering the slotting effect, it is difficult to
predict an accurate result of the electromagnetic perfor-
mance [10-14].

In this study, the governing equation for each domain
was derived through the subdomain method, and the
magnetic field characteristics in each domain were
analyzed. The analysis results were compared with the
finite element analysis results to verify the validity of the
proposed analysis method.

© 2020 Journal of Magnetics
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2. Derivation of Magnetic Field
Characteristics and Cogging Torque
Characteristics using an Analytical Method

2.1. Analysis model and assumptions

Fig. 1 shows the simplified analysis model and the
definition of each region. ry, ry, r3, 74 and rs represent the
rotor yoke, surface of permanent magnets, radius of stator,
radius of slot-opening, and radius of slot, respectively. S
and J denote a slot-opening angle and an angle occupied
by a slot, respectively. &, is the i slot position, which can
be expressed by (1) [10]

9,.:—ﬁ+ﬂ with 1<i<Q @)

2 90

To apply the analytical method, a process of simplify-
ing the analysis model is required, and the following
assumptions are required.

* End effect is neglected.

* Relative permeability of Cores is infinite.

 Relative permeability of a permanent magnet is 1.

* The stator slot has a radial slot

In addition, the analysis model is divided into four
regions: a permanent magnet region (Region I), air-gap
region (Region II), an i” slot opening region (Region i),
and a j™ slot region (Region ;). According to the afore-
mentioned assumptions, the four regions have a structure
that is symmetric about the z-direction and are represented
in the r-6 coordinate system.

2.2. Magnetic vector potential
Magnetic flux density B, magnetic flux intensity H, and
magnetization M exhibit the following relationship [11].

B = 1, (H+M) )

__ Slot
(Region j)

(Region )

Fig. 1. (Color online) Simplified analysis model.
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By taking curl on both sides of (2), we can obtain (3) as
follows.

VxB=pu,(VxH)+ u,(VxM) 3)

There is no current source in the permanent magnet
region. Therefore, is established, which can be summarized
as (4).

VxB =, (VxM) (4)

According to the definition of the magnetic vector
potential in (5), (4) can be further summarized as (6), and

the left side of (6) is expressed as (7) in a cylindrical
coordinate system.

B=VxA (5)

VA =—1,(Vx M) (6)
2 2 2

VZA:a—ZA+lﬁA iz 0 k A+a—2A (7)
or ror r- o6 0z

2.3. Magnetization modeling
Fig. 3 depicts the Fourier series expansion model for
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Fig. 2. (Color online) Analysis flow chart for analytical method.
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Fig. 3. (Color online) Magnetization modeling [15].

the magnetization modeling of a permanent magnet. The
Fourier series expansion equation of parallel magnetization
is expressed as [2].

M =>"{M, cos(n(0-6,)), + M, sin(n(@-6,))i,} (8)
n=1

where n and @, represent harmonic orders and initial
position of permanent magnet, respectively. M,, and My,
denote the radial and circumferential component of the
magnet magnetization, respectively, which can be derived
by performing Fourier series modeling, as presented in
Fig. 3.

2.4. Derivation of governing equations and general
solution

According to the definition of the magnetic vector
potential, the governing equation of each domain can be
summarized into Poisson's equation and Laplace's equation.
Because the magnetization component exists, the magnet
region (Region I) can be expressed by the Poisson’s
equation, and the air-gap region (Region II), slot opening
region (Region i), and slot region (Region ;) are sum-
marized by the Laplace’s equation. The governing equation
for each domain is as follows:

o°Al L OA! L O’Al, oM

9
o ror 700 r o0 )
o’A" i oA 1 °A”" 0 (9b)
o’ r or 1t 06°
AL 10AL, 1 0°A

=+ = 4 % =0 9c
o r or 1 06 ©0)
PAT 10AT 1 A/

zm zm zm :0
or’ Jrr or +r2 06° (Od)

The general solutions of the four defined governing
equations can be derived using the variable separation
method. The general solution is expressed as the product
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-M, sin( 0-—

]

—M, cos(8)

of the function for the radial direction and function for the
tangent direction and can be expressed as (10) [6].

A(r,0) = R(r)-©(0) (10)
Substituting (10) into (9), the governing equation can
be expressed as

zR" Rl @ll
—tr—=——=

R R O]

r

y1 (11)

Where [/ denotes the variable separation constant. The
general solution is as follows:

0

A(r,0)=R,(r)-©,(0)+ Z R,,.(1O,, (6 (12)

n,k,m=1
Therefore, the general solutions for each region can be
expressed as

Al =4 +BInr

B (An'r” +Br" +%rlnrMn cos nﬁojsin(nﬁ)
+y (n=1)
! +(Cﬂ’r'" +Dlr" —%rln rM, sin nﬁo)cos(ne)
(13a)

Al =4l +B Inr

(A;r'” +Blr" +%MW cos n&ojsin(nﬁ)
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(13e)

where n, k, and m represent the harmonic order of each
region.

2.5. Magnetic flux density calculation

Table 1 lists the boundary conditions in analysis regions.
When r = r;, the magnetic flux density in the tangential
direction is 0 by the Neumann boundary condition, and
when r = r,, the continuous boundary condition is applied
to equalize the magnetic flux density in the Region I and
Region II. When » = 73, the continuous boundary condi-
tion and Neumann boundary condition are applied, and
the tangential and normal magnetic flux densities of
Region i and Region II are the same in the slot opening.
In addition, in a region other than the slot opening, the
magnetic flux density in the tangential direction of the
Region I becomes zero. When r = ry, the continuous
boundary condition is applied to the slot opening portion,
and the Neumann boundary condition is applied to the
region other than the slot opening. When » = r5, Neumann
boundary condition is applied and the magnetic flux
density in the tangential direction becomes 0. Accordingly,
the undefined coefficient of the general solution can be
derived for each domain, and the magnetic flux density

Table 1. Boundary condition.

r=r B, =0 -
I i _
v |
B'=B! 0.<0<6,+p
r=n B, =B/ 0.<0<6+p
B,=0 otherwise
B, =B, 0,<0<0.+p
r=r, B =B/ 0,<0<0.+p
B)=0 otherwise
r=r B) =0 0,<0<0,+p
0=6,0=0+p B =0 n<r<r,
0=0,.0=0+6 B/ =0 r,<r<r
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can be derived by the definition of (5).

2.6. Cogging torque calculation

The force induced in the tangential direction on the
stator surface is expressed by the following equation
using Maxwell stress tensor [9].

(i Bg_; LBL
F_[ln ;Uo]B ln2 Hy (14

where n and B denote the normal direction vector on the
stator surface and magnetic flux density on the stator
surface, respectively. If (14) is summarized, it can be
expressed as follows:

F= i(Bf —1|B|2ji, _ s, (15)
Hy 2 Hy
The normal direction in (15) is used to calculate the
radial force, and the tangential direction is used to
calculate the torque. Therefore, the torque is derived by

T=1F, = ﬂL [[." BB,rdbd: (16)
0

where r denotes the observation point. B, and B, represent
normal and tangential component of magnetic flux density
at r, respectively.

3. Comparison and Verification
of Analysis Results

Fig. 4 shows the experimental setup and manufacturing
model, and Table 2 lists the design specifications. To
measure the no-load characteristics, a back to back system
was constructed, wherein one servo motor and one test
motor were arranged back to back. It is configured to

Test Torque & Speed

Servo
4 Motor

est Motor

Fig. 4. (Color online) Experimental setup and manufactured
model.



Journal of Magnetics, Vol. 25, No. 4, December 2020

Table 2. Design Specification.

Symbol Value Unit
7 22 mm
) 27.8 mm
7 28.5 mm
I 29.5 mm
75 41.8 mm

Ly 50 mm
p 3 Deg
5 3.63 Deg

B, 1.28 T

Hy 47rx107 H/m

A (wb/m)

l 0.012

0.007

H 0.001

-0.007

-0.012

Oo
O B, < By (FEM)
0 30 60 90 120
Angular Degree (deg.)

Fig. 6. (Color online) Magnetic flux density distribution at » =
rs.

measure cogging torque by rotor position through a
torque sensor. Figs. 6-8 compare the magnetic flux
density results derived through the analytical method and
the results derived through the finite element method, and
it can be observed that the results conform well. Fig. 9
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Fig. 7. (Color online) Magnetic flux density distribution at » =
(l"z + }’3)/2.
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Fig. 8. (Color online) Magnetic flux density distribution at » =
r.
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Fig. 9. (Color online) Cogging torque.

demonstrates the cogging torque results derived through
the analytical method, finite element method, and experi-
ment. It was confirmed that the analysis results were in
conformity with the experimental and finite element
analysis results, and the validity of the analytical method
was verified.
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4. Conclusion

In this study, the magnetic field distribution characteri-
stics were determined and cogging torque analysis of a
permanent magnet machine was performed using an
analytical method. The governing equations and general
solutions for each domain were derived, and the magnetic
field distribution characteristics were derived through
appropriate boundary conditions. In addition, cogging
torque was derived using the derived magnetic flux
density and Maxwell stress tensor. It was confirmed that
the results derived through the analytical method comply
well with the finite element method and experimental
results. The research results of this paper can be used as a
reference for the initial design of permanent magnet
machine.
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