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This paper describes design modifications and optimization of a brush permanent magnet DC motor. The test

model was optimized using the analytical method via an equivalent circuit, and the final model simulation was

performed using the finite element method (FEM). For the optimization method, a central composite design of

the response surface analysis was used, and torque and current ripples were analyzed using 2-D FEM. The

back-to-back test method was used to evaluate the developed model to minimize the burden on the construc-

tion of the test equipment. The test results were validated through a comparison of the analysis results.
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1. Introduction

Brushed DC motors are widely used in applications

ranging from toys to adjustable car seats, cooling fans,

and sunroof motors for automobiles. The speed of brushed

DC motors can be varied by changing the operating

voltage or the strength of the magnetic field. The largest

merit of brushed DC motor is the low price. Therefore, it

is still not replaceable in certain areas. Brushed motors

were the first commercially important application of

electric power to drive mechanical energy, and DC

distribution systems were used for more than 100 years to

operate motors in commercial and industrial buildings.

They have a long history, but still have requirements for

further research.

The armatures of brushed DC motors are generally

associated with stator poles fabricated from low-cost

ceramic ferrite magnets with magnetic flux densities of

approximately 0.4 T [1]. Magnets are often longer than

the laminated rotor core to provide an axial flux

concentration effect. 

Research on vibration mitigation is rare. There are two

types of vibration modes, pulsating force and bending

moment. The relationships between these two vibrations

and pole width, pole number, and slot number are analyzed

for vibration mitigation [2, 3].

The finite element method (FEM) is one of the most

valuable tools in electric machine design as it accurately

considers nonlinear materials and complex geometries

[4]. However, the design procedure is based on trial and

error which is time-consuming and uncertain. This is the

primary drawback and can be eliminated by combining

FEM with an analytical method by equivalent circuit and

response surface method (RSM). The exact modeling of

the leakage flux in an electrical machine is seemingly

impossible using the analytical method, which is verified

using FEM [5].

Response surface analysis predicts outcomes for any

variable in the region of interest. This is a statistical

analysis method that optimizes the variables to obtain the

desired result. The response values that change according

to the different variables can be represented as two or

three-dimensional surfaces, making them visually identi-

fiable. RSM is still a popular methodology in the

optimization of electrical machines [6-9].

This paper presents a design methodology for cylindrical

brush DC permanent magnet motors. This methodology is

primarily based on analytical models employing RSM

optimization process to determine the best machine

characteristics that maximize the torque and minimize the

current of the brushed DC motor. The final developed
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model was validated using FEM and a back-to-back test

[10].

2. Design Methodology

2.1. Analytical method using an equivalent circuit

The structure of a PM brush DC motor is shown in Fig.

1 and the electric circuit model in Fig. 2 [11]. V is the

terminal voltage, ia is the instantaneous armature current,

ea is the instantaneous back-EMF, Vb is the volt-drop in

each brush, Ra is the armature resistance, Rs is the

resistance of the supply including leads, and La is the

armature inductance. The mathematical model is repre-

sented by (1)

(1)

 The armature resistance Ra is calculated from the

winding details. Assuming that the supply leads have no

resistance, the armature resistance is expressed as (2).

V = ea + Ra Rb+ ia + La

dia
dt
------- + 2Vb

Fig. 1. (Color online) Structure of PM brush DC motor.

Fig. 2. Electric circuit model of PM brush DC motor.

Fig. 3. (Color online) Design for PM brush DC motor. (a) Cross section of the example. (b) Central composite design of RSM. (c)

Coil in lap-wound DC armature.
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(2)

where NSH is the number of strands-in-hand in each

conductor, dCu is the strand diameter, cu is the resistivity

of copper, MLT is the mean length of turn, a is the

number of parallel paths, and Z is the total number of

armature conductors.

The armature inductance La is also calculated from the

winding details and motor geometry. This calculation is

considerably more complex than that of the resistance,

and the theory is provided in detail in [12]. ea is obtained

from the magnetic circuit model as in (3) and (4).

(3)

(4)

The flux/pole g is calculated in the magnetic circuit

model. m is the angular velocity in rad/sec, equal to 2 ×

RPM/60. Figure 1 shows the electric circuit model of a

PM brush DC motor, and Fig. 3 shows the design cross

section, central composite design, and coil in lap-wound

DC armature of the PM brush DC motor.

Full-pitch coils are mostly used in DC machines [13].

The lap winding is suitable for high-current and low-

voltage DC because there are many parallel circuits, and

the wave winding is suitable for high-voltage and low-

current because of two parallel circuits. In consideration

of this theory, the coil span was designed to be 5 with lap

winding.

2.2. Response surface analysis

The response surface analysis is largely performed in

three stages.

1) Screening test: Select key factors among the factors

that are considered to affect the response.

2) Response surface analysis: Perform experiments

using the central composite design or the Box-Behnken

design method under optimal conditions, and explore the

Ra = cu

Z MLT/2a
2

NSH dcu

2

/4
----------------------------------

ea = kem

ke = 
PZg

a
--------------

Table 1. Parameters of the PM brush DC motor.

Quantity Value Unit

Rated power 150 W

Rated speed 1850 r/min

Poles 4 -

Slot 20 -

Stack length of rotor 15 mm

Stator outer radius 50 mm

Rotor outer radius 39.9 mm

Height of PM 23 mm

Coercive force of PM 250,000 A/m

Table 2. The objective function and the range of design vari-

able.

Objective 

Function

Torque Maximize

Current Minimize

Range of 

design variable

126 ≤ BetaM ≤ 166

3.0 ≤ LM ≤ 7.0

3.2 ≤ Bwidth ≤ 7.2

10 ≤ Bshift ≤ 30

Fig. 4. (Color online) Contour plots of torque by changing of design variables.
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optimal conditions of the variables that optimize the

response values in the region of interest.

3) Confirmation of reproducibility: Check the significance

of the model created in the response surface analysis, and

compare the expected response value with the actual

experimental result after performing the actual experiment

under optimized conditions.

Box-Behnken designs often have fewer design points

than central composite designs, thus, they are less expensive

to operate with the same number of factors. However,

Box-Behnken designs always have three levels per factor,

unlike central composite designs that can have up to five

[14]. A central composite design is the most commonly

designed experiment in the response methodology; hence,

it is used for the optimization of the PM brush DC motor.

Table 2 lists the objective function and range of design

variables. BetaM, LM, Bwidth and Bshift are the length of the

permanent magnet, thickness of the permanent magnet,

thickness of brush, and installation angle of the brush.

Figure 4 and Fig. 5 shows the contour plots of torque and

current as design variables change.

Figure 6 shows the results of the response optimization.

The adjusted coefficients of multiple determinations 

which indicate the reliability of the model are 99.5 % and

99.9 % for torque and current, respectively.

2.3. 2-D finite element method

As the next step, simulating the optimized model using

FEM solution seems necessary for the confirmation of

reproducibility. FEM is a numerical method for solving

engineering problems, and transient simulation is essential

for the final validation of performances before the

realization of the prototype. The FEM solution generally

requires boundary value problems for partial differential

equations. The 2-D governing equation of the electro-

magnetic analysis field domain is expressed as (5).

(5)

where  is the magnetic permeability,  is the magnetic

vector potential,  is the conductivity,  is the magnetic

flux, and  is source current density, 

Figure 7 shows the results of the FEM analysis which

are the magnetic flux density, torque ripple, and current

ripple. The magnetic flux density was the largest in the

stator near the permanent magnets, and the rotor magnetic

flux density was relatively small. The average torque,

torque ripple, average current and current ripple were

Radj

2

 1


--- A 
  

A

t
------ + 
  Js+

A

J
s

Fig. 5. (Color online) Contour plots of current by changing of design variables.

Fig. 6. (Color online) Result of response optimization.
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calculated as 0.46 Nm, 41 %, 10.8 A, 26 %, respectively. 

3. Test and Verification

3.1. DC motor back-to-back test

The back-to-back test is a simple efficiency test performed

by connecting two identical motors. The current delivered

from the power source generates a magnetic field through

the rotor of the drive motor. At that moment, the current

flowing through the winding generates a copper loss in

the drive motor. The copper loss of a motor is simply a

product of its winding resistance and current. For the

driving motor to generate a torque through the air gap,

magnetic flux is generated in the laminated core, and in

this process, iron losses such as hysteresis and eddy

current losses occurs. Because the value of iron loss

changes according to the frequency of the rotor field, the

driving motor and the generating motor connected through

the rotating shaft is assumed to have the same value. 

Instead of using a mechanical measurement method

utilizing torque and speed, which are relatively difficult to

measure, the efficiency of the motor can be estimated by

measuring the electrical input and output using two

motors with the same characteristics. After separating the

copper losses from the driving motor and generating

motor, the efficiency is calculated using (6), assuming

Fig. 7. (Color online) Result of 2D FEM analysis (a) Magnetic

flux density (b) Torque ripple (c) Current ripple.

Fig. 8. (Color online) (a) DC motor back-to-back test setup (b)

Comparison of DC motor simulation and test.
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that the same amount of iron and mechanical losses exist

in both motors. Finally, the torque is estimated as (7).

(6)

(7)

Figure 8 shows the comparison of the simulation and

the test results of the DC motor. The torque result of 2D

FEM was 0.52 Nm, which was higher because no

mechanical and wind losses were reflected. The simulation

results of DC motor current were compared with the of

the experiment, and were within a 5 % deviation.

3.2. Measurement uncertainty analysis

The efficiency measurement is a critical issue in the

market of motors that concerns electric motor manu-

facturers, suppliers, consumers, and market surveillance

authorities. Generally, due to the instrumentation used,

instability phenomena internal to the object under testing,

and effects produced by external phenomena, the repetition

of a measurement process provides a set of data that are

close to each other, but not identical [15]. The evaluation

of uncertainty by internationally recognized GUM [16]

guidelines is carried out in accordance with the procedure

as shown in the Fig. 9.

The measurement uncertainty is specified by the

variance of the measurable value of the variable related to

the measurement result. The measurement uncertainty is

specified by the variance of the measurable value of the

variable related to the measurement result. That is, the

output variable Y is expressed by the estimated output y

and the measurement uncertainty U as (8).

(8)

The uncertainty component is classified into type A

evaluation, which is a method of evaluation of uncertainty

by the statistical analysis of series of observations, and

type B evaluation, which is a method of evaluation of

uncertainty by means other than the statistical analysis of

series of observations. In order to reduce the uncertainty

of type A evaluation, it is necessary to obtain enough raw

measured data through repeated tests about torque,

rotational speed, voltage, current and resistance. Type B

evaluation is obtained using previous measurement data,

experience with or related to the behavior and properties

of relevant materials and instruments, manufacturer's

specifications, data provided in calibration and other

certificates. The combined standard uncertainty of the

measurement results is denoted by uc(y) and represents

the estimated standard deviation of the measured object.

 = 
1

2
--- + 

Pg,out Lm,copper– Lg,cooper+

2Pin

---------------------------------------------------------

Torque = 
Pin  60
RPM 2

-----------------------------

Y = y ± U

Fig. 9. (Color online) Flowchart of uncertainty evaluation

about the motor efficiency. Fig. 10. (a) The initial model (b) The optimized model.



Journal of Magnetics, Vol. 25, No. 3, September 2020  361 

In general, the combination of standard uncertainties is

obtained by propagation of uncertainty. The method of

estimating the combined standard uncertainty is divided

into the case where there is no correlation, as in (9):

(9)

The direct efficiency determination requires the direct

measurement of motor output power P2 and input power

P1:

(10)

Whose uncertainty is

(11)

Motor output power P2 is calculated by using the

measured torque M and speed n values from torque meter

and tachometer. 

(12)

(13)

u(N) and u(n) is standard uncertainties for torque and

speed. They are derived using (9), which combines A-

type and B-type evaluation. The expanded uncertainties

are obtained by using the coverage factor that transformed

the combined standard uncertainty into a 95 % confidence

interval. The value of the coverage factor k is usually

between 2 and 3. In this study, k = 2 is used in

consideration of the effective degrees of freedom. 

The overall measurement results for the determination

of the measurement uncertainty are summarized in Table

3 and Table 4. Finally, the efficiency based on the test

was 60.1 % ± 0.8 %, and the efficiency of the optimal

model was within the uncertainty range.

4. Conclusion

In this paper, the design optimization of a brush

permanent magnet DC motor was investigated. The

length of the permanent magnet, thickness of permanent

magnet, thickness of brush and installation angle of brush

were used as design variables for optimization. Figure 10

shows the initial and optimized model of the DC motor.

The torque increased from 0.435 Nm to 0.437 Nm and

the current decreased from 11.120 A to 11.095 A. As a

result, the efficiency increased and the results were

verified using back-to-back test.
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