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For wireless charging, a misalignment between a receiver (Rx) coil in the devices (EV, drone and IMD) and a
transmitter (Tx) coil often occurs. In this case, a mutual inductance between the coils changes, and conse-
quently a power transfer efficiency (PTE) of the wireless power transfer (WPT) system also changes. To ana-
lyze the WPT system in such a situation, this paper presents an analytical method using Neumann formula to
derive mutual inductance considering angular and position variations of two rectangular spiral coils. To verify
the proposed method, magnetic resonant WPT systems of 85 kHz and 6.78 MHz are implemented, and the PTE
values derived from the analyzed mutual inductance and the measured S-parameters are compared for the
cases of angle and position variations. For each case, the two PTE values agree well with each other, and it is
verified using the normalized root mean square error (NRMSE) values.
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1. Introduction

Wireless power transfer (WPT) has great potential in
many applications such as mobile robots, smart phones,
non-contact electric vehicle (EV) [1-3], drone and im-
plantable medical devices (IMD). Especially, the mag-
netic resonant WPT technique which can transmit power
at a relatively long distance has actively studied as a
method for wireless charging EV, drone and IMD [4-8].
Wireless charging of EV, drone and IMD provides a lot of
convenience by eliminating the wires, but depending on
the position of the devices, the position change between
the transmitter (Tx) coil and the receiver (Rx) coil of the
WPT system often occurs. In the magnetic resonant WPT
technique, critical coupling occurs when the Tx coil and
the Rx coil are aligned in a specific position (generally,
when the center axis are the same), and the power transfer
efficiency (PTE) is maximized. If there is misalignment
between coils from the aligned position, the PTE gene-
rally decreases significantly.

The most important factor determining the PTE of the
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WPT system is the mutual inductance value between the
Tx and Rx coils, which depends on the relative position
of the coils [9-11]. Therefore, studies have been made on
analyzing the characteristics of magnetic resonant coils in
many WPT systems. Planar rectangular spiral coils are
often used in various applications because they are thin
and have relatively high inductance value in small areas
[12-14]. Greenhouse analyzed the self and mutual induc-
tance of a planar coil [15]. Many studies have been
executed to analyze self and mutual inductance of rectan-
gular coils [12-16]. The inductance analysis using Neumann
formula is often utilized in WPT system research [17, 18].
However, few studies have been conducted on the induc-
tion of mutual inductance applied to WPT analysis con-
sidering the changes in the angle and position of the coils.
This is because it is much more complicated than ex-
tracting the mutual inductance between aligned coils.

In this paper, we propose a method to calculate the
mutual inductance between two rectangular spiral coils.
The proposed method converts the spiral coil into a set of
rectangular coils of different sizes and calculates the
mutual inductance by superposing the Neumann formula
considering the changes in the angle and position of the
Rx coil. As a result, closed-form equations of mutual
inductance, expressed as a function of angle difference
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and horizontal position difference, can be derived respec-
tively. The extracted mutual inductances are utilized for
PTE analysis of the magnetic resonant WPT system. The
PTE is simulated using the obtained mutual inductance
and the equivalent circuit model of the WPT system. In
addition, the calculated mutual inductance is used to
determine the optimal position of the Rx coil for maxi-
mizing the PTE. For experimental verification, 85 kHz
(the standard frequency of EV) and 6.78 MHz (the standard
frequency of drone and IMD) magnetic resonant WPT
systems with rectangular spiral coils are implemented
respectively, and the PTE values are measured with S-
parameters by changing the angle and position of the Rx
coil. The accuracy of the proposed method is verified by
comparing the predicted and measured values for the PTE
of the WPT systems.

2. Mutual Inductance for
Rectangular Spiral Coils

Figure 1(a) shows a rectangular spiral coil. The width
and length of the outermost layer of the coil are 2« and
23, respectively. To calculate a mutual inductance between
multi-turn coils, the coil is approximated by a set of
concentric single-turn rectangular coils, as shown in Fig.
1(b). We set the outermost rectangular coil as the first
layer and the second outermost one as the second layer so
on. Accordingly, the innermost layer becomes the N-th
layer of the N turned spiral coil. If the distance between
the adjacent turns of the spiral coil is d, the width and
length of the second layer of the coil are 2(a—d) and
2(B—d), respectively. In order to obtain the mutual
inductance of the case where the centers are on the same
axis and there is no angular rotation between the two
rectangular coils (this case is denoted as aligned in this
paper), we consider the configuration shown in Fig. 2.

The centers of the Tx and Rx coils are O;(0, 0, 0) and
0,(0, 0, h); the turn intervals and the number of turns for
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Fig. 1. (Color online) (a) Multi-turn rectangular spiral coil, (b)
Set of single-turn rectangular coil.
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Fig. 2. (Color online) Configuration of center-aligned rectan-
gular spiral coils without angle variation.

Tx and Rx coils are, d,, d» and Ny, Ny; The widths and
lengths of the outermost layers of two coils are 2oy, 25r
and 2a, 2k, respectively. The locations of the Tx and
Rx coils are B(x,),0) and P,(x,,y,,#) as shown in
Fig. 2. The total mutual inductance (M,,,) between the
multi-turn coils can be obtained as follows:

N, N,
Mtotal = ZZan (])

m=1n=1

where M,,, is the mutual inductance between the two
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Fig. 3. (Color online) Segmentation of rectangular coil. (a) m-
th layer of the Tx coil, (b) n-th layer of the Rx coil.
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single-turn coils (m-th Tx coil and #-th Rx coil, m =1, ...,
Nz n=1, ..., Np). In addition, a layer is divided into four
segments, and their mutual inductances are calculated.
The four sides of the m-th layer of the Tx coil and those
of the n-th layer of the Rx coil are represented by 7 (m,i)
and R(m,j) respectively as shown in Fig. 3, i=1,..,4
and j=1,..,4. Here, i and j represent the four sides of the
Tx and Rx coils. 4z ,.B7m)-Cormy and Dy,
represent the four vertices of a rectangle in the m-th layer
of the Tx coil. Ay ), Br,>Crn and Dy, represent
the four vertices of a rectangle in the n-th layer of the Rx
coil. In Fig. 3, Ay =0y —(m=1d,, By = Pr—(m=1d, |
Ay =g —(n=Nd, and B,y =Pr—=(n=d,.

The length of the T(m,i) is 2er ,,) (i =1,3) and 2f7(i
= 2, 4), and the length of the R(n,j) is 2, (J =13)
and 28 ,,(j=2,4). M,, in Eq. (1) can be obtained as
follows.

4 4
Moy =22 My R(nj) (2)
I,

where My, r(n, ) 18 the mutual inductance between the
elements of coils T(m,i) and R(n,j). The following
Neumann formula [15, 19] is used to calculate M,

4 dldl,
e L G

TX RX

where 14is the magnetic permeability of free space. The
vectors dipy and dl,, in Fig. 3 are expressed in the
Cartesian coordinate system as follows:

dox i=1 dxz;c j=1

T d)ﬁ; i=2 -— dh; Jj=2

dlpy = . dlgy = -, 4)
—deyx i=3 —dx,x j=3
—dJ’J’ i=4 _dJ’2; j=4

where ¥ and y are unit vectors in the 3-dimensional
Cartesian coordinates shown in Fig. 3. R is the distance
between P, and P, in Fig. 2, and it is as follows:

R= \/x2 x]

The mutual inductance between 7(m, 1) and R(n, j) can
be obtained using Eq. (3), Eq. (4), and Eq. (5) as follows:

J/2 Y ) +h (5)

% Ron aTm dx dx
M., . \dx, §
Tlnt) R(n) = jaanaTm (6)
R = v )? _ R ;
1= (xz x]) +(ﬂr,m ﬁR,n) + ( )
*Rn aTm —dx,dx
Mr(m,l), R(n3) — J. J. andar, (8)

TRn YT ,m
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m= 12, Np;
n =12, Ng:
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v
Caleulate My (m 1) r(n,j) (6-8)
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[

Calculate M,y (1)

Fig. 4. Flow chart for calculating mutual inductance.

R, = (&, =x)7 + (B + Bo, ) + 1 ©)
MT(ml)R(n4) 0 (10)

Similarly, the mutual inductances between the other
T(m, i) and R(n, j) can be calculated. The mutual induc-
tance value between the components perpendicular to
each other becomes zero as shown in Eq. (10).

By adding these values, we can get M, and finally
M.~ Fig. 4 shows the overall procedure of obtaining the
mutual inductance.

MT(m 1), R(n,2)

3. Mutual Inductance of Position and
Angular Variations

In this section, we analyze the mutual inductance con-
sidering the variations in the angle and position of the Rx
coil. Fig. 5 shows examples of WPT charging systems for
EV and drone. Typical frequency specifications used in
each case are 85 kHz and 6.78 MHz, respectively. As
shown in Fig. 5, the Tx and Rx coils may be aligned at
the desired position or may be misaligned. In the case of
misalignment, the change in angle or position between
coils often occurs as shown in Fig. 5.

Figure 6(a) shows a case where the Rx coil is rotated by
the angle & compared to the case where the Rx coil is
aligned. Fig. 6(b) shows the shape of the rotated n-th
layer rectangle of the Rx coil and its coordinate values.
For the angular variation case 7(m, i) and R(n, j) (j =2,
4) are no longer perpendicular to each other. Therefore,
the four sides of the Rx coil will affect the four sides of
the Tx coil. The rotated vertex of Az (g s Brn) 1
denoted as A'g ), which is (4'x, >4z, ,) in the
x-y plane. Then A4'; ) can be expressed by multiplying
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Fig. 5. (Color online) Example of coil misalignment in wireless charging of EV and drone.
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Fig. 6. (Color online) View of the Tx and Rx coils in x-y
domain considering angle rotation, (a) top view of the coil, (b)
top view of the n-th layer of Rx coil and its coordinate.

the vertex of A4y, in Fig. 3 by the rotation matrix as
follows:

A'g cosf —sind || a

=] ko (11)
A'g, sind  cosf || B,

In the same way, the coordinate values of the other three
rotated vertices, By, (BR’U,BR,U.), C}'e’,,(CR,.nix, Crony)»
D¢, (Dg,, »Dg, ,) can be obtained. For this case, Eq.

(6) and Eq. (10) can be rewritten as follows by con-
sidering the angular rotation:

—95_
/uo D'Rn x (“T.m dxldxz
M 0)="—— M- —_
ron. i (9) 4 J‘C’R,n_x '[’“ Tm R, (12)
_ 2 Br.n 2,2
Ry =,/(x, —x)" +(x,tan6 — +Br ) +h (13)
cosd ’
C,’e,nix =-0p ,c080 + fp ,sing (14)
D,'Q,nix =ag,cosf+ Py ,sind (15)
_ & D,R,n_x ZTm _dxldxz
MT(m,]), R(n.2) @)= e J.A’R,nfx I_“T,m _R4 (1 6)
Ry :\/(xz—x1)2+(— 2y OfR’n + Br) + (17)
tand sind ’

M (7 (m 1y R(n, iy (€)(J = 3,4) can be extracted in the similar
way. All' Mz, ren, ) 18 @ function of 6, and we can
extract overall mutual inductance between two rectangular
spiral coils by superposing these equations. For the angular
variation, we can extract M, ;(¢) which is a function of
0.

Figure 7(a) shows a case where the Rx coil is horizon-
tally moved by Ax and Ay in the x and y directions,
respectively. Fig. 7(b) shows the shape of the n-th layer
rectangle of the Rx coil and its coordinate values.

For the position variation case shown in Fig. 7, the Eq.
(6-9) can be rewritten as follows by considering the
lateral position change.

Hy [“RAHAY raTm dxdx,
My, a0 (A, Ay) = — —_— 18
Ry =\t =x)* + (B, — By, + M) + 12 (19)
,uo aR,n+AV AT ,dxldxz
M1y 3y (A, Ay) =22 —= 20
T(m.1,R(n,3) 4z J.—aRAn+Ax J‘—aT’m R, (20)
Ry =ty = %) + (B, + B, + AV + 1 @1

For the lateral movement case, the mutual inductance
value between the components perpendicular to each
other becomes zero as follows:
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Fig. 7. (Color online) View of WPT system with lateral move-

ment of Rx coil, (a) 3D view, (b) top view of the n-th layer of
Rx coil and its coordinate.

M —

T(mD).R(n2) — MT(m)R(n4) ~ 0 (22)

Using the procedure in Fig. 4, we can finally derive
M,,..(Ax,Ay), which is a function of lateral variation.

4. Analysis of WPT using Mutual
Inductance

Figure 8 shows a circuit diagram of a magnetic resonant
coupling WPT system with series capacitors.

L7y and Lyy are self-inductance of the Tx and Rx coils,
respectively. M is the mutual inductance between the two
coils. The capacitance of the Tx and Rx WPT systems are

]|
W
Rl Cl
L

X

Fig. 8. Circuit diagram of WPT system.

<:é/[> |—/\N\,—©—

represented by C; and C,, respectively. The theoretical
values can be extracted using @, =1//L,,C, =1//L;,C, ,
where @,(=27f;) is the resonant angular frequency of
the WPT system. V' is the phasor of the voltage source of
the Tx coil. R, and R, denote the parasitic resistances of
the two coils, respectively. Ry is the source resistance, and
R; is the load resistance. The PTE from the Tx coil to the
Rx coil, i.e., 7321, can be calculated using the S-parameter
S, as follows [19]:

My =15, |2 x100% (23)

S>1 for WPT system, shown in Fig. 8, can be obtained as
follows [20]:

2Z,\R4R, 24)

-
. (le +Rs)(Zzz +RL) _ZIZZ21
. 1
Z, =R+ joL;, +ja)_C1 (25)
Zy, =R, + joL,, + 26
2 2 T JWLgy jaC, (26)
2y, =2, = joM 27)

Eq. (24) can be rewritten as a function of mutual
inductance as in Eq (28):

¢ - 2joM.[RyR, (28)
WM +(Z, + R)(Zy, +R,))

The mutual inductance that maximizes 77, at the resonant
frequency @y can be obtained by determining the mutual
inductance that satisfies the relationship, a|S21| /oM = 0,
as follows:

M=\(R +R)(R, +R,)/ (29)

The angle and position of the Rx coil where the PTE
becomes maximum can be obtained by comparing the
mutual inductance obtained in the previous section with
that obtained using Eq. (29).

5. Simulated and Experimental Results

To validate the proposed mutual inductance calculation

A
=
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Table 1. Parameters of the WPT system in Case 1 and Case 2.

—-97 —

N Svmbol Value

ore e Case 1 Case 2
Resonant frequency fo 85 kHz 6.78 MHz
Inductance of Tx, Rx Lrx, Lry 131 pH, 13 pH 8.39 yH, 8.42 yH
Half-width of outermost layer ar ag 225 mm, 125 mm 100 mm, 100 mm
Half-length of outermost layer P Pr 225 mm, 125 mm 100 mm, 100 mm
Parasitic resistance of Tx, Rx R, R, 1Q04Q 0.520, 0.56 Q
Capacitance of Tx, Rx c, G 31 nF, 282 nF 56 pF, 58 pF
Resistance of load, source Ry, Rg 50Q 50Q
Number of turns Nry, Nrx 16,6 6,6
Gap di, d» 5 mm 10 mm
Distance h 150 mm 60 mm

method, we compare the PTE values derived from the
calculated mutual inductance with the PTE values obtained
from the S-parameter measurements. For comparison, two
cases are considered: Case 1 is EV WPT and the reson-
ance frequency of the coil is set to 85 kHz of SAE-J2954
standard [21]. Case 2 is the ISM (Industry Science Medical)
band WPT, and the resonant frequency of the coil is 6.78
MHz. The experimental parameters for Case 1 and 2 are
summarized in Table 1. Fig. 9 shows a measurement set-
up in case 1 considering the coils suggested in [21]. Fig.

Vector
Network
Analyzer

=

10 shows implemented Tx and Rx coils for the Case 2.
S>; are measured using the Keysight P5004A vector
network analyzer (VNA) in Case 1 and Agilent N9923A
VNA in Case 2. The capacitance values used in the
experiments are slightly different from the theoretically
extracted values using @, =1//L,,C, =1/,/L,,C, . They
are adjusted to achieve resonance at the given frequency
considering parasitic reactance effects of the coils and the
capacitors.

For both cases, the PTE curves versus position Ay (with

Position Variation

Fig. 10. (Color online) Measurement set-up for Case 2 (6.78 MHz WPT system).
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Fig. 11. (Color online) Measured result with various distance
between Tx and Rr. (a) Case 1, (b) Case 2.

Ax = 0) by changing /4 are plotted in Fig. 11(a) and (b).
As shown in Fig. 11(a), the PTE value at the aligned
position decreases as / increases from 50 mm to 200 mm
for the implemented 85 kHz system. However, in Fig.
11(b), the PTE value at the aligned position with # = 60
mm is lower than that with 2 = 90 mm, because over-
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Fig. 12. (Color online) Simulated and measured PTE values
for various rotated angles. (a) Case 1, (b) Case 2.

coupling occurs at the vertical distance between 60 mm
and 90 mm in the 6.78 MHz system.

For a given vertical distance 4 (150 mm for Case 1 and
60 mm for Case 2) in Table 1, we simulate the PTE by
changing the rotation angle of the Rx coil with respect to
the z-axis. The predicted PTE using the calculated mutual
inductance and the PTE of the WPT system derived from
measured S-parameters by changing the rotation angles
are plotted and compared in Fig. 12.

The predicted results are in good agreement with the

Efficiency (%)

Power Tran:

X-axis location (m)

(b)

Fig. 13. (Color online) Simulated and measured PTE in Case 1 (distance = 0.15 m) with various horizontal positions of the Rx coil.

(a) Simulated result, (b) Measured result.
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Fig. 14. (Color online) Simulated and measured PTE with Ay
change in Case 1. (a) Ax = 0 m, (b) Ax = 0.25 m.

measured results. In Fig. 12(a), the change in efficiency
with respect to the angle change is smaller than that in
Fig. 12(b) because the size of the Rx coil is smaller than
the size of the Tx coil and the distance # is larger in Case
1. As shown in Fig. 12(b), the actual measured PTE value
becomes maximum near the rotation angle value where
the maximum PTE is expected to occur.

Figure 13(a) and (b) shows the simulated results and
experimental results of the PTE obtained by changing the
horizontal position of the Rx coil for Case 1. In this case,
the predicted results are in good agreement with the
measured results as well.
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Fig. 15. (Color online) Simulated and measured PTE with var-
ious horizontal position of the Rx coil. (a) Simulated result, (b)
Measured result.

X-axis location im}

When the Rx coil is located coaxially with the Tx coil,
the mutual inductance is maximum. It decreases as the
horizontal distance between Tx and Rx coils increases.
For the given A, the PTE is maximum at the aligned
position and the PTE decreases as the horizontal distance
from the aligned position increases.

Figure 14 is a graph comparing the simulation results
with the measured results according to the position Ay
change for the Ax = 0 m and 0.25 m for the Case 1. The
solid line is the result of simulation, and the dotted line is
the result of measurement.
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Fig. 16. (Color online) Simulated and measured PTE with Ay change in Case 2. (a) Ax = 0 m, (b) Ax = 0.07 m.
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Table 2. NRMSE of the WPT system in Case 1 and Case 2.

NRMSE (%) Case 1 Case 2
Angular Variation 1.88 % 3.74 %
Position Variation 5.82% 5.49 %

Figure 15(a) and (b) shows the simulated results and
experimental results of the PTE obtained by changing the
horizontal position of the Rx coil for the Case 2. In this
case, the predicted results are in good agreement with the
measured results as well.

For the given A, the over-coupling between Tx and Rx
occurs at the aligned position. Thus, the simulated and
experimental results show that the locus of the maximum
PTE values formed a circle with a center located at (0,0)
in this case. It is possible to widen the range of the
position of the Rx coil that maintains efficiency higher
than a certain level in wireless charging using the over-
coupling for the aligned Rx coil as shown in Fig. 15. Fig.
16 is a graph comparing the simulation results with the
measured results to the position Ay change for the Ax =0
m and 0.07 m.

In order to verify the similarity between the results
from the proposed method and the experimental results,
we calculate the normalized root mean square error
(NRMSE) rate. Normalized RMSE is the RMSE value
between the simulated and measured data divided by the
average of the measured data. Table 2 shows NRMSE for
Case 1 and Case 2.

6. Conclusions

In this paper, we proposed an analytical method to
obtain the mutual inductance between two rectangular
spiral coils using the Neumann formula and superposition,
which is extended to the cases of angle and position
change between two coils. The PTE of the magnetic
resonant WPT system including misalignment situation
can be predicted from the mutual inductance obtained by
the proposed method. The accuracy of the proposed
method was verified by comparing the predicted PTE
values from the analyzed mutual inductance with the PTE
values extracted from the measured S-parameters. For
experimental verification, 85 kHz and 6.78 MHz magnetic
resonant WPT systems were implemented. The cases with
the angle and position variations of Rx coil for both two
WPT systems were studied. For both cases, the results
agree well with each other, and the accuracy of the pro-
posed method can be confirmed by the NRMSE. The
proposed mutual inductance calculation method can be
applied to the coil design and simulation of WPT system.
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