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This paper presents an analytical prediction and experimental verification of the electromagnetic performance
of a parallel magnetized surface-mounted permanent magnet (SPM) motor having a fractional number of slots
per pole combination. On the basis of a two-dimensional (2-D) polar coordinate system and a magnetic vector
potential, analytical solutions for flux density produced by the permanent magnets (PMs) and stator windings
are derived. Then, analytical solutions for back-electromotive force (emf) and electromagnetic torque are
derived from these field solutions. The analytical results are thoroughly validated with 2-D nonlinear finite
element (FE) analysis results. Finally, the experimental back-emf and electromagnetic torque measurements are

presented to test the validity of the analysis.
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1. Introduction

A permanent magnet, which has good efficiency over a
wide range of operations, is preferable for various elec-
trical machine applications [1]. Surface-mounted perm-
anent magnet (SPM) motors, in particular, have a simple
structure, low cost, and high power density [2]. Moreover,
their power density can be improved by increasing the
number of poles. However, this leads to an increase in the
number of slots, which increases the machine size and
cogging torque. A fractional-slot SPM motor with a multi-
pole permanent magnet (PM) rotor has a more sinusoidal
back-electromotive force (emf), high torque density, and
small cogging torque [3]. However, the asymmetric layout
of its stator windings produces many space harmonics
magnetomotive force (mmf) [4], resulting in an increase
in vibration and noise of the SPM motor. Therefore, there
has been increased attention on the electromagnetic ana-
lysis of this motor.

For the electromagnetic analysis, involving back-emf
and electromagnetic torque, of the fractional slot/pole
SPM motor, accurate calculations of the magnetic field
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distribution generated by the PMs and stator winding
currents are essential. A magnetic field analysis using the
space harmonic method and the finite element (FE) method
is preferred. Although the FE analysis method provides
accurate results, it is often time consuming and has poor
flexibility.

In this paper an analytical prediction and experimental
verification of the electromagnetic performance of an SPM
motor having fractional slot/pole number combinations
(6-pole rotor and 27-slot stator) are discussed. The analy-
tical solution of the open-circuit and armature-reaction
fields distributed at different radii is based on a two-
dimensional (2-D) polar coordinate system and a mag-
netic vector potential. It involves a governing equation for
air-gap and PM regions with parallel magnetization. Thus,
the analytical solutions for the back-emf and electromag-
netic torque are also established from the solutions for
flux density produced by the PMs and stator winding
currents. In addition, the analytical results are extensively
validated with the nonlinear FE results. Finally, test results
such as back-emf and torque measurements are also pro-
vided to confirm the analytical results.
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2. Formula Problem

2.1. Analytical Model

Figures 1(a) and 1(b) show a schematic of the SPM
motor having a 6-pole PM rotor and a 27-slot stator and a
photograph of the actual fixture model, respectively. As
shown in Fig. 1(a), the stator coils are wound around each
tooth with a double-layer winding, and the stator wind-
ings per phase are asymmetric because of the fractional
slot/pole number combination. To predict analytical solu-
tions, we are based on several assumptions [5]. The
permeability of the stator and rotor core is infinite, the
relative permeability of the PM is unity, and the stator
windings are distribute as a current sheet on the inner
radius of the stator. The coordinate frame has (r, 6, z) and
(r, a, z) as coordinates of the rotor and stator, respec-
tively. Further, 8 and « are related as = o + w,¢, where
o, is the angular speed of the rotor in radians per second.

2.2. Magnetic Fields Produced by PMs

In the PM region, the magnetic flux density is given as
B=uH+M) and VxH=0 because there is no
current. Then, V x B = 1,(V x M) . The magnetic vector
potential is defined as V x A = B . Thus, using the Coulomb
gauge V- A =0, the Laplace’s and Poisson’s equations
for each region are given by

VA =0
VAP = — i (VxM)

(1)

where z4 is the permeability of air. Figure 3 shows the
parallel magnetization model of Fourier series expansion
of the PMs [6]. Here, 6, is angle for one pole of the PMs,

Fig. 1. (Color online) (a) Schematic and (b) photograph of the
actual fixture model of an SPM motor having a 6-pole rotor
and 27-slot stator.
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Fig. 2. Analytical model for the prediction of magnetic fields
produced by (a) PMs and (b) stator windings.
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Fig. 3. (Color online) Parallel magnetization model for Fourier
series expansion of the PMs.

and M, = B,/u4, B, is the residual flux density of the PMs.
M is the magnetization of the parallel magnetized PMs
and can be obtained as follows:

M= (M, e, +M,e"™i,} ()
Here, p and # denote the number of pole-pairs and the n”-
order space harmonic, respectively. Further, the PMs hav-
ing parallel magnetization have radial and circumferential
directions. M,, and My, are the n”-order Fourier coeffici-
ents for radial and tangential magnetization distribution
and can be expressed as

"
M, ZL{e” 2 [sing—”’+jnpcosg—’"j
T 2 2 2
={1-(npy’}
—eijnp% —sing—’"+ inp cos O
2 P 2
inp &
M, M e cosﬂ—jnpsin O,
2 2 2
1=y} 3)

—eijnp% (cosg—’”+ n sing—’”)
o /PRI

and because the vector potential has a z-axial component,
AP" =Apm(r)e‘j””€iz. Thus, the solutions for the Laplace’s
and Poisson’s equations from (1) can be obtained as follows:

©

Apml — Z (Anlrnp +B”1r—np)e*jnp9i

z

n=—w,0dd
Apm]l — i Anllrnp +B””}’_np (4)
n=—w,0dd
o Aarpr (M, M, [re ™
(np)z -1 np m z

In conclusion, by substituting (4) in the definition of the
magnetic vector potential, the radial and tangential flux
densities generated by the PMs can be obtained as
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Here, the undetermined coefficients 4,’, B/, A,", and B,
can be easily resolved by applying suitable boundary
conditions to (5).

2.3. Magnetic Fields Produced by Stator Windings

Figure 4 shows the current density distribution model of
Fourier series expansion of the three-phase stator wind-
ings. Here, 7, and 7; denote the stator tooth width angle
and the slot pitch, respectively. Further, Sy/R; ; is the angle
of the slot opening, where S, is the slot opening width.
The current density distribution in phase A is expressed
from Fig. 4 as

Z Iie /™ (6)
n=—,0dd
Here, I, is the n”-order Fourier coefficient of the current
density distribution in phase A. The three-phase stator
windings have a phase difference of 2n/3 as electrical
angle. Therefore, the current density distributions of B
and C phases are obtained as follows:
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Fig. 4. (Color online) Current density model for Fourier series
expansion of the stator coils.
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where i, i,, and i. are the current amplitudes of each
phase. Similar to the magnetic field analysis of the PMs
using the magnetic vector potential, the Coulomb gauge,
and Laplace’s equations, the governing equation for the
armature reaction field generated by the stator windings
from Fig. 2(b) is V’A™ =0. We assumed that the
current of the stator windings is distributed as a current
sheet. Therefore, the three-phase current is considered at
the boundary condition. From the definition of the mag-
netic vector potential, the flux density of phase A for the
armature reaction field can be obtained as

w in - —jnpas
Brn“La - Jnp (C”rnp +D”}" np) e ,/npalr
n=-w,0dd r (8)
0
sw_a _ np=1 _ —np-1 —jnpas
B, = Z np (Cnr Dr ) e,
n=—w,0dd

Here, the undetermined coefficients C,, and D, can be
determined by applying suitable boundary conditions to
(8). Thus, the flux density produced by the three-phase
stator windings can be given as follows:
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2.4. Back-emf and Electromagnetic Torque Calculations

The stator coil flux linkage per turn of one phase
produced by the PMs is given by @ = B-S. Here, B and S
denote the flux density in the air gap caused by the PMs
and area of flux linkage passed, respectively. From (5),
the flux density can be rewritten as

— Z ]np(A] npl+BI 7npl)efjnp:9
pm
n=-w0,0dd
10
) ) (10)
Z B efjnpﬁ — Z B e—jnp(a“ﬂ,.f)
e e
n=—w0,0dd n=—w0,0dd

Thus, the flux linkage of one turn is given as follows

@, =[.B,(r.aRld (11
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Here, «, and /, denote the winding pitch angle and axial
length of the SPM motor, respectively. Hence, the induced
back-emf voltage per coil of one phase is expressed from
(11) as

(12)

e= =2NB,R[.K 0, sin(npo,t)

where N is the number of turns per coil, and K, is the
winding pitch factor, K, = sin(np-¢,/2). From the back-
emf voltage induced in one phase, the back-emf induced
in the three phases can be obtained as

e,=2NB,RI K

e sta dpnr

sin(npa,t)

2z
=2NB,RI K, ,sin {n (pa)rt + Tj} (13)

)

Here, K, = Kun K,,, is the winding factor, and K, is the
winding distribution factor [7].

The electromagnetic torque can be calculated from the
three-phase winding back-emf and input current. For the
three phases, currents with amplitude /; are given as

e, =2NBRIK,6 o sin

e sta tdpnr

i, =1, sin(pa,t)

; . 2z

i, =1, sin pa)rt+T
. 2

i =1 sm[pa),t—Tﬁ]

However, for the SPM motor, various losses should be
considered. Figure 5 shows the equivalent circuit of one

(14

Fig. 5. Equivalent circuit of one phase of the SPM motor.
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phase of the SPM motor. Here, R, and X, are the
resistance and reactance of the SPM motor, and V, is the
effective terminal voltage. Further, e, and I, denote the
back-emf and phase current that can be obtained from
(13) and (14), respectively. P,, is the output power of the
SPM motor, and Pry denotes mechanical losses such as
bearing friction (P;) and windage loss (P,,s) and is given
by Pey= P+ P, These losses can be evaluated as [8]

P, =k,G,n, x107 [W] (15)
Rvind 701113lanr X 10 ° [W]
where k; = 1-3, and G, and n, are the mass of the rotor in

kg and rotational speed in rpm. Further, D,,,, is the outer
diameter of the rotor. The torques corresponding to the
output power and mechanical losses are denoted by T,
and Ty respectively. Neglecting mechanical losses, the
output power (P,) of the SPM motor can be given as

(16)

Thus, the electromagnetic torque, considering the mech-
anical losses, of the SPM motor is expressed as

R) = T;)a)/' = eala + el)lh +ecl(‘

(17)

3. Results and Discussion

3.1. Magnetic Field Distribution due to PMs and Sta-
tor Winding Currents
Figure 6 shows the magnetic flux line distribution pro-

(b)

Fig. 6. (Color online) Magnetic flux line distribution produced
by (a) PMs and (b) stator winding currents.
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Fig. 7. Comparison of analytical results without slotting effects with FE results with slotting effects for flux density produced by

PMs at various radius: (a) R, , (b) R, (c) R; ;.
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Fig. 8. Comparison of analytical results with FE results for flux density produced by stator winding currents for (a) R, ,, (b) R,

and (c) R, ;.

duced by the PMs and stator winding currents obtained
from the 2-D nonlinear FE analysis. As shown in Fig. 6,
the PMs of our model are parallel magnetized and the
stator windings are not symmetrical about a phase.

Figure 7 shows a comparison of the analytical results
without slotting effects with FE result with slotting effects
for flux density produced by the PMs about the mech-
anical angular position at different radii R, ,, R, and R, ;.
It is noted that effective air-gap length for analytical
model is corrected by introducing Carter’s coefficient
given by g, =g + (K. — 1)(g + H,/1,). Here g, H,,, and 4,
are the air-gap length, the magnet thickness and the
relative permeability of the PMs, respectively, and K. is
the Carter’s coefficient whose formula is given in ref. 9.
Due to slotting effects, it can be seen that the analytical
results are not shown in good agreement with FE results.
However, it can be predicted that total flux linking with
the stator coils calculated by analytical method makes
little difference from that calculated by FE method. There-
fore, analytical results will be shown in good agreement
with FE results for back-emf and torque.

Further, a comparison of the analytical and nonlinear
FE results of the flux density produced by the stator
winding currents at different radii is shown in Fig. 8. The
flux density generated by the stator windings is much
lesser than that generated by the PMs. The analytical
results are shown to be in good agreement with the 2-D
nonlinear FE results.
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Fig. 9. (Color online) Testing apparatus for back-emf and
electromagnetic torque measurements of the SPM motor.

3.2. Back-emf and Electromagnetic Torque

Figure 9 illustrates the apparatus used for testing the
back-emf and electromagnetic torque of the SPM motor.
For measuring the back-emf, the shaft of the SPM motor
is connected to the shaft of another generator.

Figures 10(a) and 10(b) show the comparison of the
analytical results with the nonlinear FE calculations and
measurements for the back-emf of the SPM motor, respec-
tively. The analytical results are shown to be in good agree-
ment with the nonlinear FE results and measurements.
Moreover, the amplitude of the current and rotor speed
are set to be 22 A and 6540 rpm, respectively.

A comparison of the analytical results with the non-
linear FE and experimental results for electromagnetic
torque is shown in Fig. 11. The electromagnetic torque is
measured at a rotational speed of 6540 rpm. The analy-
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Fig. 10. (Color online) Back-EMF at 6540 rpm: (a) comparison of analytical results with FE results and (b) measurements.
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Fig. 11. Comparison of analytical results with FE calculations
and measurements for electromagnetic torque at 6540 rpm.

tical results calculated from (17) are in good agreement
with measurements at k; = 2. However, the nonlinear FE
results without considering friction and windage losses of
(15) are slightly different from the analytical and experi-
mental results.

4. Conclusion

This paper presents the electromagnetic properties of a
parallel magnetized SPM motor having asymmetric wind-
ings, based on analytical magnetic field calculations. The
analytical solutions of the magnetic fields produced by
the PMs and stator windings are computed using the space
harmonic method. The analytical prediction results corre-
spond well with the 2-D nonlinear FE analysis results.
Thus, the validity of this analysis is confirmed. Further,
electromagnetic analysis including flux linkage due to
PMs, back-emf, and electromagnetic torque is obtained
from these analytical solutions. The experimental results
of the actual fixture model having 6-poles and 27-slots
are also shown to be in good agreement with the analy-
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tical and nonlinear FE results. In this paper, the slotting
effect is not taken into account. However, the electro-
magnetic performance of an SPM motor with a slotted
stator can be calculated by applying the same process
considering the permeance function for the slotting effect.
Finally, the efficiency of the SPM motor with a fractional
slot/pole number combination can be improved by calcu-
lating the inductance, normal force, and cogging torque
based on mentioned analysis in this paper.
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