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Particle size distributions in 10 nm magnetite ferrofluids are analyzed based on both dc and ac magnetic mea-

surements. Modified log-normal distributions are used for fitting the experimental results, which allows for a

proper account of the narrow distributions. The calculated average particle sizes are in good agreement with

the TEM results. However the ac method gives a much narrower distribution width than that of the dc magne-

tization curve fit. The proposed measurements combined with the analysis methods are useful for the charac-

terization of ferrofluids being considered for biomedical applications.
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1. Introduction

Potential applications of ferromagnetic and superpara-

magnetic nanoparticlces (MNPs) in biomedical research

take advantage of their magnetic field response, small

size and large surface-to-volume ratios. Both in vitro bio-

sensor techniques and in vivo therapies have been pro-

posed which make use of magnetic relaxation of the

nanoparticle ferrofluids in an ac magnetic field [1]. AC

magnetic biosensing techniques detect the specific bind-

ing of biomolecules to the surface of the MNPs by

sensing an increase of the MNP’s effective hydrodynamic

volume and interactions with neighboring particles. The

binding event is measured as a shift in the MNPs’ relaxa-

tion frequency [2,3]. Energy losses via ac magnetic reversal

or rotation of the MNP in viscous fluid can be employed

for localized heating to destroy cancer cells in vivo (mag-

netic fluid hyperthermia) [4,5]. These and other appli-

cations generally require detailed knowledge and precise

control of the average particle size and size distribution.

Narrow size distribution is a pre-requisite for achieving

the best results in the chosen application. 

While transmission electron microscopy allows one to

image particles directly and determine their size and di-

stribution, it is limited by poor statistical sampling. More-

over, the particles need to be precipitated and cannot be

studied in a liquid environment of direct relevance to the

biological application. On the other hand extracting size

and size-distribution from magnetic measurements of ferro-

fluids is an inexpensive and statistically significant alter-

native, which reflects the properties over all the part of

the sample. However, the accuracy of the latter depends

on the model used in the data analysis. In this study, the

particle sizes and size-distributions of magnetite nano-

particle systems are determined by three complementary

methods: transmission electron microscopy (TEM), dc

magnetization, and ac susceptibility measurements. Improve-

ment of the latter two methods is achieved through a

realistic choice of the mathematical model for the size

distribution. 

2. Background and Approach

Rotation of the magnetic moment of a particle immer-

sed in a viscous fluid is impeded by two dissipation mech-

anisms of different physical origins - the fluid viscosity

and the magnetic anisotropy energy barrier of the particle.

The mechanism with a shorter relaxation time will domin-

ate [6]. The measured relaxation time t is determined by

the relation: 

(1)

Here τB is the Brownian relaxation time of the rotation

of the MNP with the hydrodynamic volume VH (which

1

τ
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1

τB
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1
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includes the adsorbed molecules on the surface) in a

viscous fluid,

,  (2)

where η is the viscosity of the carrier fluid, kB is the

Boltzmann constant and T is the absolute temperature.

The Néel relaxation time τN is the time needed to over-

come the anisotropy energy barrier, KVM, where K is the

anisotropy constant and VM is the magnetic core volume.

The value of τN can be expressed as [7]:

(3)

tN = σ << 2  (4)

where

,  (5)

and τ0 ~ 10
−9 s. For a given magnetic material and visco-

sity, the dominant relaxation (loss) mechanism changes

from anisotropy- to viscosity-limited with increasing particle

size. Figure 1 shows a variation of the effective relaxation

time τ as a function of the particle size and the σ value

given in Eq. (5). The calculations were done for a toluene-

based magnetite ferrofluid having a uniaxial anisotropic

constant of 3.7 kJ/m3 and a viscosity of 0.5542 × 10−3

Pa·s. Particles were all assumed to be spheres and the

thickness of the surfactant layer was set to 2 nm. It is

apparent from the figure that, unless the particle radius

exceeds 9 nm, Néel-type relaxation is dominant.

In ac experiments we measure the complex initial (that

is in small fields) susceptibility  as a

function of frequency. The relaxation time is determined

from the relaxation frequency ωmax = 1/τ, at which the

imaginary part of the magnetic susceptibility, χ'', is

maximized. The frequency dependence of the complex

magnetic susceptibility of an MNP array in the Debye [8]

approximation is:

,  (6)

or

,  (7)

.  (8)

The initial magnetic susceptibility at zero frequency, χ0, is

given by:

,  (9)

where n is the particle number density (and all the

moments mp are assumed equal). 

In “large” field magnetization, M is a non-linear func-

tion of the field with saturation. The dependence of

magnetization on the magnetic field is usually measured

in dc fields. For ferrofluids composed of an ensemble of

identical particles, this dependence is described by the

Langevin function:

M(H) = εMSL(r, H) = εMS (cotα − 1/α) with (10)

where MS is the spontaneous magnetization of the single

domain particles (mp=MSVM) and ε is the volume fraction

of MNPs in the ferrofluid 

Since a real ferrofluid always has a distribution of

particle sizes, these relations should be weight-averaged

with a proper particle size distribution (PSD) function.

Chantrell [9] presented a method that can model the

magnetization curves of ferrofluids using a log-normal

distribution function:

(11)

Here, σ is the standard deviation of ln y and y = d/<d> is

the reduced diameter (d is the particle diameter and <d>

is the mean diameter of the distribution). In Ref [9],

g(y)dy is the fraction of the total magnetic volume having

reduced diameters between y and y+dy. The log-normal

distribution is inheretantly broad, i.e. the distribution

width is typically of the order of or even larger than the

mean value. Nowadays, many research groups have the

ability to control the monodispersity of the ferrofluid to a

much higher precision. Hence a different distribution
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Fig. 1. Variations in the relaxation time τ (Eqs. (2), (3), and

(4)) and s (Eq. (5)) with respect to the particle radius in a mag-

netite suspension in toluene.
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function is required to properly describe the sharper size

distribution. We propose a modified log-normal distribu-

tion function which can be successfully used in the

analyses of ferrofluids with narrow size distributions [10]:

.  (12)

Here a new parameter θ has been introduced to control

the peak position and r0 is the constant included for

correct dimensionality. Notice that in our calculations the

argument of the function g is the particle radius measured

in nanometers, whereas y in Eq. (11) is the reduced

diameter, a dimensionless quantity. This technical choice

does not affect the generality of the method. The average

radius <r> is defined as the first moment of the distribu-

tion, and can be calculated from θ and σ as:

. (13)

We also notice that there are two alternative approaches

to the description of the particle size distribution (we

formulate them in terms of distribution functions defined

for radii). In the first approach the distribution function

g(r) refers to the particle number fraction, that is, g(r)dr

denotes the number of particles with radii within the

range from r to r + dr. This function is useful when a size

distribution histogram is obtained from a TEM image by

counting the numbers of particles in different size steps,

and it has been employed in analyses of magnetic data in

some publications [11]. Throughout this study we are

using the volume fraction distribution g(r) following Refs.

[9, 12], where g(r)dr is the fraction of magnetic particles

of radii in the range from dr to r + dr.

3. Experiment

Measurements were carried out on surfactant-coated

MNP samples. Magnetite (Fe3O4) MNPs coated with oleic

acid (OA) in toluene were synthesized via thermal de-

composition of transition metal carbonyls in the presence

of surfactant-mediated solvents at high temperature under

inert atmosphere followed by mild oxidization [13-15]. 

DC magnetization curves were measured on a vibrating

sample magnetometer (VSM) at room temperature using

samples containing 60 μL of ferrofluid each. Complex ac

susceptibilities were measured at room temperature in the

frequency range of 40 Hz - 110 MHz by means of the slit-

toroid method [16] using an HP4294A impedance analy-

zer. We used a high permeability toroid with a 0.35 mm

slit wound with 15 turns of litz wire. The resistance and

reactance of the coils were measured as a function of fre-

quency with the gap empty, and then with the ferrofluid

under investigation injected into the gap. Though the

instrument allows measurements in the range 40 Hz - 110

MHz, a measurement setup resonance reduced the high

frequency limit of data available for analyses by up to

about 13 MHz. The oscillation level of the driving current

was maintained at less than 10 mA, which was below the

magnetic saturation limit of the sample ferrofluid. From

these data, the real and the imaginary parts of suscepti-

bility, χ' and χ '', were calculated following the method

described in Ref. [17].

4. Results and Discussion

The TEM image in Fig. 2 shows that the nanoparticles

are spherical with a narrow size distribution. The nominal

average radius of the magnetite nanoparticles obtained

from an analysis of the TEM micrographs was rTEM = 5

nm. 

The room temperature dc magnetization curve (Fig. 3(a))

shows non-hysteretic behavior. This is always the case in

diluted ferrofluids, independent of whether the thermal

fluctuations of the moment direction are dominated by

particle rotation or reversal within the particle. In order to

estimate the particle size and the width of the size

distribution, the positive quadrant part of the curve was

fitted to the classical Langevin function weight-averaged

with the modified lognormal PSD of Eq. (12):

.  (14)

This equation was numerically integrated to find the

values of σ and θ which give the best fit to the measured

curves over the whole data range. The volumetric packing

fraction ε was determined under the assumption that the
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1
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Fig. 2. TEM micrographs of 10 nm diameter magnetite nano-

particles.



Journal of Magnetics, Vol. 16, No. 4, December 2011 − 371 −

saturation magnetization of the ferrofluid MNP is the

same as that of bulk material (5700 G for magnetite [18]).

The experimental data and the size distribution obtained

are illustrated in Fig. 3 and the results of the analysis are

listed in Table 1, where the width of the distribution at the

half height (HW) is also included as an intuitive para-

meter for easier comparison with the results of other

works. The distribution profiles show a long asymmetric

tail extending toward larger r. While larger particles are

not seen in the TEM images, this tail may reflect the

effect of inter-particle dipole-dipole interactions. 

Fig. 4 shows the experimentally measured real and

imaginary parts of the susceptibility for magnetite particles

coated with OA dispersed in toluene, where fmax for the

imaginary part is equal to 7.5 MHz. As is in accordance

with the discussion concerning Fig. 1, the Néel relaxation

is found to be the dominant relaxation mechanism. The

Néel model gives a better fit to experimental data than the

Brownian relaxation. For the latter, the relaxation fre-

quency for these particles in toluene (η = 0.5542 mPa·s)

would have been 0.76 MHz. 

A close look at the shape of the measured χ"(ω) data

shows that the peak width is broader than that expected

for a monodispersed array (with a single relaxation time),

and shows an asymmetric tail toward low frequency, which

indicates the existence of an asymmetric size distribution

in the ferrofluid. The frequency dependence of the com-

plex magnetic susceptibility of the ferrofluid is [19]:

, (15)

from which the in-phase and the out-of-phase polydisper-

sed susceptibilities become:

,  (16)

 (17)

where g(r) is the same PSD function used in Eq. (12) and

ε is a volumetric packing fraction of the ferrofluid. This

means the frequency-dependent susceptibility of the ferro-
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Fig. 3. Experimental results of the dc magnetization analysis

for magnetite are shown in the top panel. The squares are

experimental points; the solid line is obtained from calcula-

tion Eq. (14), using the particle size distribution of Eq. (12).

The corresponding distribution function is shown below.

Table 1. Results of magnetic particle size analyses using TEM, dc magnetization and ac susceptibility measurements. The average

radius obtained from the TEM image is also included for comparison.

TEM dc magnetization ac susceptibility

rTEM (nm) <r> (nm) σ HW (nm) ε (%) <r> (nm) σ HW (nm) |K| (erg/cc) fmax (MHz)

5.0 5.2 1.05 1.05 0.15 4.7 0.06 0.15 3.7 × 105 7.5

Fig. 4. Real and imaginary parts of the ac susceptibilities as a

function of frequency for magnetite nanoparticles coated with

OA in toluene. Circles are the real part values, χ'; squares are

the imaginary part values, χ''.
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fluid can be understood as a superposition of single-

particle responses to the alternating field. Now τ is the

relaxation time given by Eq. (1). Fannin [20] has assessed

the theoretical contribution of the Néel relaxation by

weight-averaging the susceptibilities with particle radii

distributions obtained from electron microscopy. In the

present study, we integrate Eq. (17) numerically using the

average magnetic radius and the standard deviation values

obtained from the static magnetization measurements as a

starting point for the iteration procedure, to find a new set

of θ and σ which give the best fit for experimental χ''

(imaginary part). We can also determine the anisotropy

constant K from the analysis through Eq. (5); the calcu-

lated anisotropy constant is 3.7 × 105 erg/cm3, which is

within the range of values, 2.3~4.1 × 105 erg/cm3, that have

been reported in the literature [11]. The experimental and

simulation results are displayed in Fig. 5. The obtained

particle sizes are in fair agreement both with the TEM

results and fits to the analyses of the static magnetization

curves. However the distributions obtained by the ac method

are much narrower (see the summary of the fitting results

in Table 1). This stems from the fact that the ac method is

much more sensitive to the influences of the environment

through motional friction or binding events. Furthermore,

magnetic nanoparticles are well known to be aligned in

chain-like clusters under the presence of a dc magnetic

field, by which a certain degree of inter-particle magnetic

dipolar interaction is reflected in the broader distribution

width obtained from the dc magnetic measurement. As

long as only the calculated distribution width is of con-

cern, the ac measurement can give more accurate results

with regard to the particle size. In addition, the PSD ap-

pears, to an extent, symmetric, which is anticipated because

the sample has an extremely narrow distribution width. 

5. Conclusion

Two methods of determining the particle size distribu-

tions for MNP ferrofluids with narrow distribution widths

were described. The methods were tested with 10 nm

magnetite ferrofluids. Fitting both the dc and ac data to

the models with a modified log-normal distribution gives

good agreement of the average particle sizes between the

two methods and with the TEM results. While the ac

susceptibility measurement yielded a sharper distribution

than the dc magnetization measurement, it gave an aver-

age radius roughly consistent with the values obtained by

using both the electron microscopy and the dc method.

These methods in combination with the proposed model

function for particle size distribution and the computa-

tional formalism can be applied for the characterization of

magnetic nanoparticles for biomedical applications.
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